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Abstract 



In this paper we continue the study of Lorentz space estimates for the Ginzburg- 
Landau energy started in [15]. We focus on getting estimates for the Ginzburg- 
Landau energy with external magnetic field h ex in certain interesting regimes of h ex . 
This allows us to show that for configurations close to minimizers or local minimizers 
of the energy, the vorticity mass of the configuration (u, A) is comparable to the L 2 '°° 
Lorentz space norm of V^u. We also establish convergence of the gauge-invariant 
Jacobians (vorticity measures) in the dual of a function space defined in terms of 



Lorentz spaces. 

1 Introduction 

£ : This is the sequel to the paper m , where we proved Lorentz space estimates for the 

c3 I Ginzburg-Landau free energy 

F £ (u, *) = \j \^au\ 2 + | curl A\ 2 + ^(1 - \u\ 2 ) 2 . (1.1) 

In the present paper we consider the full Ginzburg-Landau energy with applied magnetic 
field 

G £ {u,A)= l - I |V AM | 2 + |curM-/o cx | 2 + ^(l-M 2 ) 2 , (1.2) 
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which models a superconductor submitted to an external magnetic field of intensity h cx . 
In (II. ip and (11.21) Q C 1R 2 is a bounded regular domain, and u is a complex-valued function 
called the "order parameter," which indicates the local state of the material (normal or 
superconducting): \u\ 2 is the local density of superconducting electrons. The vector field 
A : Q — > M 2 is the vector-potential of the induced magnetic field, h := curl A = d\A2— d%A\. 
The notation Va refers to the covariant gradient V^w = (V — iA)u. We are interested in 
the regime of small e, corresponding to "extreme type-II" superconductors. 

The Ginzburg-Landau energy with magnetic field admits a gauge-invariance: for every 
smooth $, G £ (u, A) = G £ {ue % ® ', A + V$). The physically intrinsic quantities are those that 
are gauge- invariant, such as \u\ and |Vau|- 

We refer to [H] for a more thorough presentation of this functional. 



1.1 Results of IS 



The objects of interest are the zeroes of the complex-valued function u, which can have a 
nonzero topological degree. These are called the vortices of the configuration (u, A). 

Starting with Bethuel-Brezis-Helein [2], several studies have shown how to relate the 
value of the energy to the vortices and their degrees. The method we focused on was 
the "vortex-ball construction" introduced by Jerrard [7] and Sandier [15], which allows to 
construct disjoint "vortex balls" of small size and of degree d containing at least a 7r|<i| |log e\ 
contribution to the energy. It was explained in [TS] that the typical profile of a vortex of 
degree d is f(r)e in polar coordinates, with f(0) = and f(r) very close to 1 as soon as 
r ^> e\ as a result | V au\ typically blows up like d/r, leading to a logarithmic divergence of 
its L 2 norm, hence of the energy. On the other hand, considering the Lorentz norm defined 
by 

\\f\\ L ^ = sup \E\- l 2 [ \f{x)\dx, (1.3) 

\E\<oo JE 

where \E\ denotes the Lebesgue measure of E, one observes that the L 2,OQ norm of d/r 
does not blow up, but is instead of order 2-y/7r|c?|. L 2,OQ is critical in the sense that it is 
the smallest Lorentz space to which the profile 1/r belongs. Based on this observation, we 
searched for estimates on || Vam||l 2 .°° that would not blow up with e — > but rather would 
be of the order of the total vorticity mass ^ and could thus serve to estimate the total 
number of vortices. 

The method used in [TS] consisted in giving an improvement of the lower bounds of 
[TJJ H3], which allowed us to gain an extra term that served to evaluate || Vaw||i2.°°- 
Writing 

F E (\u\,Q) :=i^|VH 2 + ^(l-M 2 ) 2 , 
for the free energy of \u\, our first main result was 

Theorem 1 (Improved ball construction). Let a G (0, 1). There exists Eq > (depending 
on a) such that for e < Eo and u,A both C 1 such that F e (\u\ ,Q) < e a ~ x , the following 
hold. 
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For any 1 > r > Ce a ^ 2 , where C is a universal constant, there exists a finite, disjoint 
collection of closed balls, denoted by B, with the following properties. 

1. The sum of the radii of the balls in the collection is r. 

2. Defining Q £ = {x 6 Q | dist(x, dfl) > e}, we have 

{xen £ \ \u(x) - 1| > e a/4 } C V := Q £ n (U BeBj B) . 

3. We have 

\j v \^Au\ 2 + ^- 2 {l-\u\ 2 f + r\cm\Af 

> nn (log — - C] + -3- f \V A u - %uY\ 2 + - |m| 2 ) 2 , (1.4) 



where Y is some explicitly constructed vector field, ds denotes deg(u,dB) if B dVt and 
otherwise, and 

n = \ds\ 
Bcn £ 

is assumed to be nonzero and C > is universal. 



Remark 1.1. In the earlier paper floy we denoted the vector field Y by G. We switch 
notation here to avoid confusion with G e , the energy functional. In what follows we will 
construct such a field Y for each configuration {(u e , A E )} in a sequence; when we do so we 
will write Y £ to denote this dependence. 

Then we could bound from below J \ V^it— iuY\ 2 by || V^tt— iwYH^.oo, and by controlling 
|| F H^oo, we obtained: 

Theorem 2 (Lorentz norm bound). Assume the hypotheses of Theorem^ Then there 
exists a universal constant C > such that 

\ j y Wau\ 2 + (1 ~ 2 l f )2 + r 2 (curl Af + n £ \d B f 

> C HVAttll^..^ + vr \d B \ (log ^j^i - Cj . (1.5) 

where the sums are taken over all the balls B in the final collection B which are included 
in fl e . 

This result allows us to control || Vau\\l 2 >°° by the "energy-excess," the difference be- 
tween the total energy and the vortex energy. In [T3] we presented several corollaries, 
and in particular, direct applications to minimizers u e of the Ginzburg-Landau functional 
without magnetic field: we bounded || Vu e ||L 2 >°°(n) m terms of the total degree and then 
deduced L 2,oc (Q) weak-* convergence results for Vw £ . 
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1.2 The Ginzburg-Landau energy with applied magnetic field 



Applying Theorem [2] to get useful estimates for the full functional ( 11.21) with magnetic field 
is a more complicated task. Writing n = YH^b\ for the total vorticity, which implicitly 
depends on e, we may search for estimates of the type HVa^Hl 2 .^ < Cn. Such estimates 
follow from Theorem[2]if an upper bound on the free energy like F e (u, A) < nn | log e\+0(n 2 ) 
holds, but this is in general not true for arbitrary configurations, and not even true for 
energy-minimizers. The reason is that when there is an applied magnetic field, the vortices 
tend to be confined near the center of the sample by the magnetic field; this is so because 
the energy of interaction is not only proportional to n 2 , but also contains the cost of the 
interaction of confined vortices. We must compensate by extracting a new term, to be 
used in the Lorentz space norms, in each step used in the proofs of [13] . Because this term 
will be inserted between matching lower and upper bounds, the result will only be true for 
configurations whose energy is close to optimal. In particular they will apply to various 
minimizers and locally minimizing solutions found in [14]. 

Let us now look more closely at the way of describing the vortices. In [H] as well as 
in previous papers, the vortices of a configuration were described through its "vorticity" 
[i(u, A), a gauge-invariant version of the Jacobian determinant of u: 



where the vector field (iu, V au) is called the current, and (•, •) denotes the scalar product in 
C as identified with M 2 , i.e. (iu, V^w) = Q(uVau). This is an intrinsic and gauge-invariant 
quantity that is analogous to the vorticity in fluid mechanics. It can be related to "vorticity 
measures" diS ai obtained via the ball-construction (like the result of Theorem [TJ, where 
the centers of the balls and d{S their degrees, via the following "Jacobian estimates" 
(see the work of Jerrard-Soner [8], or Theorem 6.2 of [H] ): 



That is, the vorticity measures constructed via the ball construction - nonunique and 
nonintrinsic - are very close to the intrinsic vorticity fi(u, A) when the total radii of the balls 
is small. Then, after normalizing by the possibly divergent n = \ di\, these measures are 
weakly compact in the sense of measures, and this yields that fj,(u, A), similarly normalized 
by n, is compact in (C 0,7 )*, and after extraction, converges to a measure. 

The problem with this normalizing factor n is that it depends on the ball-construction, 
and thus is not intrinsic. This is where the introduction of ||Vam||l 2 .°° m &y help since it is 
an intrinsic quantity expected to behave like n; we will make this rigorous. 

1.3 Regimes of applied field 

We will employ the notation a <C b to mean that a/b — ■> as e — > 0. We write o z (l) (resp. 
O z (l)) for a quantity, depending on z, that vanishes (resp. is bounded) as either z — > 





\\n{u, A)-2nJ2 II (C0.7 ( Q))* < Cr\F £ ( U) A) + 1). 
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or z — > oo (it will always be clear in context what the limit of z is). We write o z (a) and 
O z (a) for quantities such that o z (a)/a = o z {l) and O z (a)/a = O z (l) respectively. The 
symbols o(l) and 0(1) always mean o e (l) and O e (l). Let us now recall some of the results 
summarized in [TJ]: Sandier and Serfaty, studying minimizers of the energy (11. 2\\ for all 
applied magnetic fields satisfying h ex <C \ as e — > 0, showed that there are essentially four 
regimes, which follow some physical "phase-transitions" (all constants below are positive). 

1. For h ex < H CI , minimizers have no vortices, and H Cl is the first critical field, which 
has an asymptotic expansion H Cl ~ C(fi)|log e\ + 0(1) as £ — ► 0, C(f2) being a 
constant determined by the domain. 

2. For if Cl < /i ex < H Cl +0(log |log e\) minimizers have a bounded number n of vortices, 
determined by the value of h ex . 

3. For log | log e\ <C h cx — H C1 <C |log e\ there are roughly n vortices, with n determined 
by h ex and l<n< /i cx as e — > 0. 

4. For C|log e| < h ex — H Cl there are roughly n vortices with C\h ex < n < C2h ex . 

For each regime the asymptotic value of the minimal energy was given, and the op- 
timal limiting vorticities were identified, through explicit limiting problems obtained via 
T-convergence. In regime 2, the vortices tend to minimize a function of their n locations. 
In regimes 3 and 4, the vorticity fi(u, A), suitably blown-up and normalized by n, converges 
to some identified probability measure with constant density. 

We will focus here on the regimes 2 and 3 where n h ex . The reason is that regime 4 
is easy to treat. Indeed in that regime, n and h ex are of the same order, thus the natural 
normalization of fi(u, A) is by h ex , a quantity that does not depend on the vortex-ball 
construction. This is what was done in [TJ], Chapter 7. Moreover, the a priori upper 
bound G E (u,A) < Ch^ x is always satisfied for minimizers (comparing with u — 1,A — 0), 
and thus ||Va^||l 2 — Ch ex always holds. Therefore in the regime 4, the desired control 
|| Vam||l2,oo < Cn comes trivially. A lower bound for it by n times the norm of a weak limit 
also follows. As for the Jacobian vorticity, its if -1 compactness is proved in [T3], which is 
stronger than what one can prove with norms involving Lorentz spaces. 

For these reasons, we now focus on regimes 2 and 3. 



Let us first recall some notation and results from [H] in these regimes. We introduce £o to 

be the solution to 



The significance of £o is that it conveys the geometry of the domain to the vortex con- 
finement by the applied magnetic field: when n <C h ex , the n vortices tend to nucleate 
in a neighborhood of the set on which £ achieves its minimum, a set determined by the 



1.4 The result of [14], Chapter 9 





(1.8) 
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geometry of the domain. It can be shown (see [13]) that this set is composed of a finite 
number of points; for simplicity we assume that the set is a single point p, i.e. that £o has 
a unique minimum at the point p e fl We shall further assume that D 2 ^q(p) is positive 
definite. We also define, for any vector-field A, 

A':=A- h ex V%. 

In the regime h ex — H Cl <C |log e|, all the vortices concentrate around the point p, at 
the scale I = (where n again is the number of vortices). Thus the vorticity measure 

p(u, A) normalized by 2nn will converge to 8 P , the Dirac mass at p. In order to obtain more 
interesting information on the vortex-locations, we need to blow up the vorticity measure 

p(u, A): its push forward under the rescaling x t— > \J^{.% ~p) is denoted p(u, A). We will 
also use the function G p , defined as the solution of 



-AG P + G P = 2tt5 p in Q 
G p = on dQ. 



(1.9) 



It was proved that the energy in that regime is equivalent to f e {n) + 0(n 2 ) where f £ is an 
explicit function of n, depending only on h ex , e, and the domain Q. When n> 1, i.e. in 
the regime 3, we have the following T-convergence result to the function I defined over the 
set of probability measures on M 2 by 



I(p) = - 



7T 



// log I a; — y\ dp{x) dp(y) + tt / Q(x) dfx(x), (1-10) 
J Jr 2 xr 2 Jr 2 



where Q is the quadratic form of the Hessian of £o at the point p. 

Theorem 3 (V- convergence in the intermediate regime - P~3], Theorem 1.5). 

Let {(u £ ,A £ )} £ be a family of configurations such that G £ (u £ ,A £ ) < e^ 1 ^ with h ex < 
C|log e\. Defining n = \di\, where the di 's are the degrees of some collection of vortex- 
balls of total radius r = —r= constructed by Theorem [21 assume that 

V i^ex 

and G £ (u £ , A £ ) < f £ {n) + Cn 2 , as e — » 0. Then there exists a probability measure p,* such 

that, after extraction of a subsequence, ^Tm^ ~^ ^* ^ n (Cc' 7 (^ 2 ))* f or some 1 > 7 > 
and, as e — » 0, 

G £ (u £ , A £ ) - f £ {n) > n 2 I(pA + o(n 2 ). 

Conversely, for each probability measure p with compact support in IR 2 and each l<n< 
hex < C|log e\, there exists {(u £ ,A £ )} £ such that i^kAsl _> ^ { n ((7°' 7 (R 2 ))* for each 
1 > 7 > and such that, as e —* 0, 

G £ (u £ ,A £ )-f £ (n)<n 2 I(p) + o(n 2 ). 

An analogous result was proved in [TJ] for the case n = 0(1) (regime 2), which we do 
not quote here for the sake of brevity. 
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1.5 Main result 



Here we obtain several improvements of this result. We quote here some of our results 
under simpler assumptions; more results, with a weaker set of assumptions, can be found 
in the theorems below. A first improvement is obtained under this same assumption 

G £ (u £ ,A £ )<f £ (n) + C n 2 (1.11) 

for some constant Co > 0, where n is defined as in the theorem above. 

Theorem 4. Suppose configurations {(u £ ,A £ )} satisfy 

F £ (u £ , A' £ ) < e a ~\ 10 < h„ < C|log e\, 

for some a G (2/3, 1), and 1 < n <C h ex . Assume that $1.1 1\) holds. Then there exists an 
explicitly constructed vector field X £ such that, as e — > ; 

2 



n 2 r 

G £ (u £} A £ )-f £ (n)>n 2 I(^) + - \ 

36 J n 



-Va'Ue - iu £ X £ 
n 



+ o(n 2 ). (1.12) 



Through estimates on X £ , it follows that for e small enough, 

— 1| Va' « £ || I^rn) < C + C, 

n 

where C is a constant depending only on Q 

In this result, we have inserted an extra term in the lower bounds, measuring the L 2 
distance between V^/M and some known vector field, just as in Theorem [T] with the vector 
field Y. Just like in passing from Theorem [1] to Theorem [2], an estimate of the L 2,co norm 
of X £ allowed us to deduce an upper bound for || Va'm||l 2 .°° by an order n, as desired. 

1.6 Application to convergence of the vorticity 

The estimates above have a direct application for vorticity measures (Jacobians); indeed, 
|| Va'«||l 2 .°° < Cn implies that ^ curl(wt, V a>u) and ^(u, A) are bounded as the derivative 
of an L 2 '°° function. More precisely, we need to use the Lorentz space L 2 ' 1 , whose dual space 
is L 2 '°° (see Section UTTI for definitions). Introducing the space X(Q) — {/ e Hq(Q)\ V/ G 
L 2 ' 1 ^)}, we obtain that ^ U,A ^ is bounded, hence weakly-* compact, in X*(Q), the dual of 

We deduce 

Theorem 5 (see Proposition I6.4p . Under the same assumptions as in Theorem^ we have 
that 

^ S p weakly-* in X* (Q) and 



27rn 
P>(u e ,A £ 



/i* locally weakly-* in X* ol 



2im 

where /i* is the probability measure given by Theorem^ and locally- weak-* convergence in 
Xl oc means weak-* convergence in X*(V) for every V CC M 2 . 



7 



This is a slight improvement or alternative to the known compactness result in (C 0,7 )*. 
Since the space X embeds into continuous functions, X* is slightly larger than measures, 
but neither X nor C 0,7 embeds into the other. Again in the regime 4, when n is of the 
same order as h ex , fi(u, A)/h ex was shown to be compact in if _1 (f2), which is better than 
X*. 

A second set of more precise results is obtained when one makes the stronger assumption 

G £ (u £ , A E ) < f e (n) + n 2 I(^) + o(n 2 ), (1.13) 

where /z* is the weak limit of 2^M u e5 A;) as given by Theorem [31 Among them are a lower 
bound for || v*A'w||i,2>«>(n) (see Theorem [H]): as e —* 0, 

Co < — 1| Va'wIIl 2 . 00 ^) < Ci, 
n 

where < Co < C\ depend on Q, and the extra convergence (see Corollary 16.71) : 

-(iu, V A 'u) A -V^Gp weakly-* in L 2 '°°(fi) as e -> 0. (1.14) 

Of course, the above results immediately apply to energy-minimizing solutions in that 
regime. We also show that the same results apply to the locally minimizing solutions found 
in Chapter 11 of [H] (see our Theorem [9]), and we get: 

Theorem 6. Let (u E , A e ) be either global minimizers of the energy for h ex < |log e\, or the 
locally minimizing solutions constructed in Theorem 11.1 of J7^] / ? with the assumption that 
h ex is sufficiently large (see Theorem^ for the precise condition). Then we have that for e 
sufficiently small, 

Co < — V^Ue x 2 '°°(n) < Ci, 
n 

where Co and C\ are positive constants that depend only on Q. 

Thus in both cases, || Va'u\\l 2 <°° can indeed serve as a normalizing factor to replace the 
nonintrinsic n. Convergence results for n(u,A')/n and (iu,V A'U)/n such as the above are 
also stated. 

1.7 Strong convergence in Lorentz-Zygmund spaces 

The convergence of the vorticity measures ^/^(u, A) and Y^jl(u, A) (as well as those of 
the currents) to their limits is weak-* in X*. It does not hold strongly in X*, nor is it true 
that (iu,V A'u) /n — > V^Gp strongly in L 2 '°°. The reason is (as pointed out also in [13] ) 
that the X* norm acts a bit like the strong norm on measures: for Dirac masses, we do 
not have 5 Pn — > S p strongly in X* when the points p n — > p, but rather 

2v^< \\S Pn -6 p \\ x * <4v^F, 
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while we do have 8 Pn — > 5 p weakly-* in X* . This explains why similarly the strong conver- 
gences above do not hold in general. 

One may then wonder if there is a weaker space (but still stronger than W~ 1,p for 
p < 2), in which strong convergence results hold. We find that spaces based on the 
Lorentz-Zygmund spaces L 2, °° log 7 L(Q) with 7 < 0, which are just slightly bigger than 
L 2,oc (f2), provide such a setting. We then obtain the strong convergence analogues of the 
above results. This is the object of Section [7J 

1.8 Plan 

The paper is organized as follows. In Section [2] we present the "completion of the square" 
algebraic trick that serves as a general basis for extracting new terms in energy lower 
bounds. We give a general statement for such lower bounds, which can be of independent 
interest, as well as applications in our setting. 

In Section El we present a first application of our results of [15] . showing that under 
certain a priori energy upper bounds on F e , the L 2,0 ° norm of V^w is comparable to 
the vorticity mass n. However these a priori bounds are rarely satisfied except for local 
minimizers for low applied fields. 

Section H] refines the lower bounds of the energy G e of [H] Chapter 9 to extract the 
terms used in the L 2 '°° estimates. 

Section [5] gives results similar to those of Section [3] in the more useful case of a priori 
energy bounds on G £ that are satisfied by a large class of minimizing solutions to the 
Ginzburg-Landau equations. 

Section [6] establishes a compactness result for the gauge-invariant Jacobians of config- 
urations satisfying the previously used a priori energy upper bounds. We also establish 
L 2 '°° weak-* compactness results for the gauge-invariant current. 

Section [7J improves the weak-* compactness results to strong compactness in slightly 
larger Lorentz-Zygmund spaces. 

Section M deals with the case of solutions with bounded vorticity. 

Section [9] applies all of these results to minimizing and locally minimizing solutions. 

Acknowledgments: This work was completed as a component of my Ph.D. dissertation 
at the Courant Institute. I owe an enormous debt of gratitude to my advisor, Sylvia Serfaty, 
whose guidance and insight were integral to the writing of this paper; many thanks. I would 
also like to extend my thanks to Etienne Sandier for suggesting the use of ||Vam|| l2 ,oo as a 
normalization for vorticity. 

2 Square completion and lower bounds 

In this section we review the main algebraic trick that is at the core of our lower bounds, 
and we show how to generalize it to obtain more lower bounds. 
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The main technical tool of [T3] was the introduction of an auxiliary vector field, Y, 
defined on the collection of vortex balls, B. The idea behind the introduction of this 
function is most easily seen when setting A = 0. Write u = pv, with p 
Previous lower bounds on J |Vt>| 2 were found via the Cauchy-Schwarz inequality: 

2 



\u\ and v = e ltp . 



|Vf I 



dB(a,r) 



|V^> 



1 



47rr 



Vy? • t 



8B(a,r) 



2A2 



Au 2 d 

47IT 



d 2 



7T- 



d/r 



'dB(a,r) 

where d = deg(u,dB(a,r)). Thus the inequality is sharp if u is radial and \Vv 
on dB(a,r). We thus took the vector field Y to be rd/r, and rather than using Cauchy- 
Schwarz we "completed the square": 

2 



dB(a,r) 







Vv - 


d 






-T 




W(a,r) 




r 






Vv - 


d 


u 




— T 




W(a,r) 




r 



+ 



d 



a,r) 



V<y5 ■ T — 



2nrd 2 
2r 2 



+ 7T- 



d 2 



This extracts a new term in the lower bound that measures the L 2 difference between 
Vm and the optimal annular vortex profile, given by Y. The implementation of this idea 
requires certain technical complications to handle the magnetic field and vorticity cancel- 
lation, but the main idea is as above: "complete the square" with a function that Vti 
"should look like." 

It is easy to extend this idea to domains. We begin with two lemmas relying on the 
same algebraic manipulation. 

Lemma 2.1. Writing j = (iu, V^n), we have that for any vector field X : Q — > M?, 



\V A u\ = \V A u - iuX\ 2 + 2X ■ j - \X\ 



\u\ 



[2.1) 



Proof. We calculate 



\V A u\ 



IV A u — iuX + iuX\ 



\V A u - iuX\ 2 + 29£((V a m - iuX) ■ iuX) + \uX\ 2 



\V A u - iuX\ 2 + 2X ■ %t(iuV A u) - 2 \uX\ 2 + \uX\ 
\V A u - iuX\ 2 + 2X ■ j - \X\ 2 \u\ 2 . 



□ 



A simple modification of this lemma allows us to ignore the p part of u in the bound. 

Lemma 2.2. Let W C Q be a set on which \u\ > 0, and hence on which Vtp is well defined, 
where we write u = pe lLp . Let H be a C l real-valued function on W. Then 



\V<p - A\ 2 + \cm\A\ 



w 



2 J w 

-\ I \VH | 2 + \H\ 2 - [ H{V<p-A)-T (2.2) 
2 Jw JdW 



where t is counter-clockwise unit tangent vector field. 



10 



Proof. Simple calculations show that IV^m] 2 = | Vp| 2 + p 2 \ V<p — A\ 2 , |Va« — iuX\ 2 = 
|Vp| 2 + p 2 | V<p — A — X\ 2 , and j = (iu,S7 au) = p 2 (Vy? — A). Use these equalities in 
Lemma \2. II with X = —\/ ± H, subtract |Vp| 2 from both sides, and divide by p 2 to find the 
equality 

\V<p-A+ S7 L H | 2 - 2V ± H ■ (V(p - A) = |Vy> - A\ 2 + \\7H\ 2 . (2.3) 
Divide by 2, integrate over W, and integrate the second term on the left by parts to get 



\l \V^-A + V L H\ 2 - [ cni\ A-H-f H{V^-A)-t 
2 Jw Jw Jaw 



2 J w 2 Jw 



The result follows by adding | J w |curlA| 2 + | j w \H\ 2 to both sides. 



1 1 \V V -A\ 2 + l I \VH\ 2 . (2.4) 



□ 



These lemmas will be put to crucial use in Section HI where they are used to extract 
new terms in the energy lower bounds in different parts of the exterior of the vortex balls. 

The identity obtained in Lemma 12.21 yields convenient lower bounds when applied to 
well-chosen functions H. More specifically, following the framework of [2] Chapter 1, let 
{uji\ be any finite family of disjoint closed "holes" with smooth boundary in Q (for example 
balls), such that \u\ > in Q\ Uj u>i, with di = deg(w, dui); we consider the function H to 
be the solution to 

' - AH + H = in Q\ U; u { 
H = a on duji 

H = on Oil 

U.,f = 2^. 

Here q is an unknown constant, which is part of the problem, and u is the outward pointing 
normal. The solution to this problem is the minimizer of the variational problem 



ind [ \Vh\ 2 + h 2 + 27rJ2dMdB t , 

1 z J n\Uicoi 



'n\Uj 

where the space Y is given by 

Y = {/ G i/ 1 (fi\ Uj u>i) I h\dwi = constant, h\ dn = 0}. 

It should be noted that a function very similar to this one was used in Chapter 1 of [2] to 
obtain, through the same method, lower bounds for § 1 -valued maps in punctured domains. 

Such a function is useful in conjunction with Lemma [2.21 because it is constant on the 
boundary of each Bi and because of the following simple identity, obtained by integrating 
by parts and using (12.51) : 



VH\ Z + H 2 = V 2tt^q. (2.6) 



fl\L>iUJi 



We thus obtain 
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Proposition 2.3. Let (u, A) be a C l configuration defined on Q\ Uj uo i; where is a 

finite collection of closed "holes" with smooth boundaries in Q, with \u\ > in Q\ U, Ui. 
Let v = u/\u\, di = deg(w, duJi), and let H be defined as in (12.51) . Then 

\l \V A v\ 2 +\cmlA\ 2 = l [ \VH\ 2 + H 2 

2 Jn\UiUJi 2 Jn\UiUi 



+ 2 



\f |V. 4 t> + it>V ± i/| 2 + \cm\A - H\ 2 - f cm\A. (2.7) 



Proof. We apply the result of Lemma 12.21 in W = Q\ U, u>i with this H. Using the fact 
that H = Ci on each duJi and on dQ, and changing the orientation to counterclockwise, 
we find 

'V A v?+ IcurlAI 2 = - / \V A v + ivV ± H\ 2 + \cur\A-H\ 2 



2 -IQ\UiUJi 2 jQ\u iL0 . 



- I \VH\ 2 + H 2 + ^2c i (2nd l - f curl 



A) 

'a\i 

Using (12.61) . we conclude that (12.71) holds. □ 

Now this proposition provides, as in Chapter 1 of [2j, lower bounds on the energy in 
punctured domains by \ f n \ UuJ . | Vif| 2 + H 2 , but in addition it keeps track of the excess in 
the lower bound through the positive term | Jq\ u . u . |V^u + iv V~ L -£/"| 2 + | curl A — H\ 2 (the 
term ^ q J w curl A can be shown to be small when the holes are small enough). It then 
remains to bound from below | J |Vif| 2 + i? 2 . 

One application would be taking the holes uj^ to be the smallest possible disjoint balls 
Bi which cover the set where \u\ < 1 — £ Q//4 , such as the initial balls in the ball construction. 
Then we obtain a lower bound on F E (u, A) by \ L u g |VH | 2 + iJ 2 . This term can, in turn, 

be bounded below by the ball growth method (using equation (12.51) to estimate J ^ on 
circles and easily readjusting the ball construction). This would provide an alternate to 
Theorem [TJ where this time the extra "excess term" is f , R \V A v + ivV ± H\ 2 + I curl A — 

H\ 2 . This has the advantage that H is well-described; for example —AH+H pa 2-7T ^ diS ai , 
where the a^s are the centers of the (small) initial balls. This can serve to control the 
difference between the Jacobian vorticity measure fi(u, A) and the quantity 27i^2 i d i S ai , in 
H^ 1 norm, by the energy-excess, as done by Jerrard-Spirn [0] in a different metric. 



3 The case of a priori upper bounds on F £ 

We now focus on our initial question of obtaining upper and lower bounds for || V^w|| L 2 '°°(n), 
in terms of the number of vortices. We start with a simple case where there is a strong 
upper bound on the energy. We use Theorem [T] with final radius r = 1/2 to produce 
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a collection of balls, £>, and we let n be the vorticity mass of these balls. Again note 
that n implicitly depends on e, though we do not write the dependence explicitly. We 
also heavily employ the convention that C denotes a generic, positive, universal constant 
that can change from line to line and can stand for different constants even in the same 
expression. When constants explicitly depend on other parameters it is noted. 

We begin with a general argument that shows that if a configuration has free energy F £ 
not too different from irn |loge|, then the L 2,oa norm of the covariant derivative is of order 
n. The next proposition establishes both upper and lower bounds in terms of n. 

Proposition 3.1. Suppose that {(u £ ,A £ )} are configurations satisfying the upper bound 
F £ (\u £ \) < e"™ 1 for some a G (0, 1). The following hold. 

1. Supposing that n > 1 and 

F £ (u £ ,A £ )<nn\\oge\+Mn 2 , (3.1) 

we have that 

||VA e M e || i2 ,oo (c) < Cn, (3.2) 

where C depends only on M . 

2. Supposing that ||V a^UcWl^ — & '/e and thatn <C |loge| ; we have that for e sufficiently 
small, 

71 

2' 



-n<\\V A£ u £ \\l 2 ^ {n) + ^^J^cnr\A £ ) 2 + o(l). (3.3) 



Proof. We neglect to write the subscript e. For the first assertion, Corollary 5.2 of 
applied with r = 1/2, provides the bound 

F £ (u, A,n)>C || V A u\\ 2 L2>oa{u) + 7m (log -L-C^J-nJ^di (3.4) 

for some universal constant C. Noting that z^df < \di\) 2 = n 2 , we deduce 

F £ (u, A, Q) — 7m | log £: | > C || Vam||^2,oo — 37m 2 — Cn. (3.5) 
Utilizing the upper bound of the hypothesis in conjunction with this bound yields 

|| Vam 11^2,00(0) < Cn 2 , (3.6) 

where C depends only on M. 

For the second assertion, Proposition 1.4 of [15] applied to \Vau\ gives us 



~ / |V^«| 2 < ic^ini + |log e|||Vx«||i».- co) 
where |V^m| < C/e. Combining this with Theorem [T] applied with r = 1/2, we find 

™ ( l0g i " C ) ~ M T + |l0g£| ll V ^l&-(n) + \ l {cmlAe)2 - (3 ' 7) 
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The assumption n <C | log sr| proves that 



C 2 „ n , . , , nlog2n nn 

Q — r + Ctc- = o 1 and that tt - 6 , < — 3.8 

1 1 2|loge| |bge| v ; |loge| ~ 2 K ' 

for e small enough. Inserting (13.81) into ( 13. 7ft yields the result. □ 

Unfortunately, in practice the above assumptions on the energy are really only useful in 
the case of n and h ex bounded independently of e. Moreover, the upper and lower bounds 
do not quite match, with the lower bound being of order y/n and the upper bound of order 
n. However, a little extra work in what follows allows us to use an a priori upper bound 
on the full energy G e in conjunction with the assumption that 1 « n < h ex to prove 
that 1 1 V^u 1 1 £2,00(0) ^ s bounded above and below by terms of order n. This improvement is 
accomplished by examining the energy contained in a large annulus but outside the balls 
produced by the ball construction. This strategy follows that employed in Chapter 9 of 



4 Improving the lower bounds 
4.1 Definitions and notation 

We are now in the setting of [H] Chapter 9, for regime 3 in the introduction. The goal of 
this section is to prove an improved version of Theorem HI The proof follows all the steps of 
Chapter 9 of [14J, adding an extra term in each lower bound via a square completion trick. 
We recall that we assume that £ > defined by (ll.8p . achieves its minimum at a single point 
p. This is satisfied, for instance, if we assume that Q is convex. Indeed, if Q is convex, then 
the sub- level sets {£o < i} are convex (see [3]); this, combined with the fact that the set 
where £o achieves its minimum is finite, proves that there is exactly one minimum point. 
We shall further assume that D 2 ^{p) is positive definite. We write £o = £o(p) an d define 
the constant J , which depends only on the domain Q, by J = | ||£o||fl-i(nv 

As in [H] Chapter 9, we consider two sizes of balls: small and large. We initially 
construct, via Theorem (TJ a collection of small balls £>' such that r' := r(B') = Ce a / 2 . 
Write n! = \d'i\ f° r the vorticity mass of the small balls. We assume that the inequality 
1 / y/hex > 2r' holds; below we will state an assumption on the size of h ex sufficient to give 
this property. An application of the ball growth lemma then allows us to grow B' into 
a collection of large balls, B, such that r := r{B) = l/\Jh ex . Write n = J2i l^il f° r the 
vorticity mass of the large balls. 

In the remainder of the paper, we will work under the following set of hypotheses, 
borrowed from [T3], Chapter 9: {(u e ,A e )} are configurations which satisfy 

(HI) 

F £ (u £} A £ ) <e a ~\ lO<h ex <Ce-P, (4.1) 
for some a G (2/3, 1) and (3 G (0, 3a/2 - 1). 
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(H2) Letting n denote £\ \di\, the sum of the degrees of the balls of total final radius 
r = l/y/h cx , we have 1 < n <C h ex . 

(H3) One of the following holds: 

hex < C |loge| or n = n. (4.2) 

(H4) The upper bound 

G £ (u £ ,A e )</ e (n) + C> 2 
holds for some constant C > 0, where / £ is defined by 

f £ (n) := h 2 ex J + irn |loge| + 2imh ex ^Q + 7m 2 Sn{p,p) + tt(^ 2 

Here we have written Sn(-,p) for the function defined by 

Sn(x,p) = G p (x) +log|a; (4.5) 
where G p is defined by ( 11.91) . 

In most of what follows we consider the case 1 < n C h ex (regime 3), but we will 
always explicitly state the assumption 1 <C n in the hypotheses of the results when it is 
needed. As mentioned above, when n <C h ex , vortices tend to form near the point p, and 
the typical inter-vortex distance, and by extension, the typical distance between a vortex 
and the point p, is of the order £ = \Jnjh ex (see Section 9.1.1 of [14J for a more thorough 
discussion). When n/h ex is not small, the vortices are dispersed throughout the domain 
and our method fails to capture the lower bound in terms of n, as seen in Proposition 13.11 

Besides repeated application of the square completion trick, the primary technical 
tool of this section, borrowed from Chapter 9 of [H], is the introduction of the annu- 
lus B(p,5)\B(p, K£), where K and 5 are constants independent of e that will eventually 
be sent to oo and respectively. For t G (K£, S) we define the degree function 

D(t)= d " ( 4 - 6 ) 

\bi-p\<t 

where the {hi} are points in the balls {B{\ = B chosen later in Proposition 14.21 Note that 
| (t) | < n. Finally, since there can be some vortices (i.e. balls B 6 B) contained in the 
annulus B(p, 5)\B(p, K£), we must track their location by defining the set 

T = {t e (K£,6) | dB(p,t) C\B ^ 0}. (4.7) 

Note that for t £ T, 

D(t)=deg(u,dB(p,t)), 
and that \T\ < 2r = 2/y/h ex , where |T| denotes the measure of T. 



(4.3) 

-n)log-. (4.4) 
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4.2 Lower bounds in the balls and energy splitting 



Here we adapt the results of [15] to deal with the full energy G £ . This entails showing how 
energy lower bounds hold on the two-phase ball construction (the balls in B' and B) and 
also proving an "energy splitting lemma" that allows us to pass from the full energy G £ to 
a sum of the free energy F £ and other terms. 

Our first lemma provides lower bounds on the free energy in the balls. It is a modifica- 
tion of Lemma 9.1 of [H] that incorporates a term involving the vector field Y £ of Theorem 
[1] into lower bounds in B. This is different from the result of Theorem [1] only in that the 
estimates are constructed in two stages: first in B' and then in B\B'. In all that follows, 
we abuse notation by writing B in place of Ub^bB. 

Lemma 4.1. ([Lflj Lemma 9.1 Redux) Suppose that configurations {(u £ ,A £ )} satisfy as- 
sumption (HI). Let Y e be the vector field of TheoremUl applied to the large balls B with 
r = l/y/h ex . Then 



2 



/ I Va'U £ \ 2 + ^(1 - N 2 ) 2 + r 2 (curl^) 2 

1 f ,2 / r a 1\ 

> — / Nmu £ - iu £ Y £ \ + 7r nlog h -in - n) log - - Cn 

36 J B 1 1 \ ne A ej 

for e sufficiently small. 

Proof. Theorem [1] provides the bound 

\ [ |V^ £ | 2 + -^(l-| M£ | 2 ) 2 + r 2 (curl^) 2 >-3- / | V K u £ - iu £ Y £ \ 2 + ix (nlog — - c) . 

I J B As* is J B v ne / 

On the other hand, Lemma 9.1 of [H] provides the bound 

\ I |V A ^ e | 2 + -^(l-|n £ | 2 ) 2 + r 2 (curl4) 2 >7r( nlog— + ^{n'-n) log-) - Cn. 
I J B Ze \ ne Z e J 

The result follows by averaging these two bounds. □ 

With this lemma in hand, we can prove the following Proposition, a variant of Propo- 
sition 9.3 from [H]. It shows how the full energy, G £ , can be split and bounded below by 
the free energy and various other terms. 

Proposition 4.2. ([T$ Proposition 9.3 Redux) Suppose configurations {(u £ ,A £ )} satisfy 
the assumption (HI). Then there exist points hi G Bj such that, letting v = Yli^bi, the 
following estimates hold for e sufficiently small. 



G £ (u £ , A £ ) > h 2 ex J + 2nh ex J £ a dp + F £ (u £ , A' £ ) 



C{n' - n)rh ex - Ch ex e Za/2 - 1 - Ch 2 ex e a (4. 
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1 2 p 

F E (u £ ,A' £ )>7mlog— + F £ (u £ ,A' £ ,n\B) + ^- / (curlA'J 2 
ne l J B 

1 f 2 OL 

+ ^ / \V A<u e - iu £ Y E \ +7T-{n -n) \\oge\ - Cn. (4.9) 
36 J B 1 4 

i/ere the vector field Y £ is the one from Theorem [7], and C is a universal constant. 

Proof. The proof is the same as the proof of Proposition 9.3 of [14], except that we use 
our Lemma \4. II in place of their Lemma 9.1 in order to recover the Y £ difference term. □ 



4.3 Lower bounds in the annulus B(p, 5)\B(p, K£) 

We now show how to bound the energy contained in the annulus around the point p using a 
vector field Y £ similar to, but simpler, than the one defined in the balls. Denote the annulus 
by A = B(p, 5)\B(p, K£) and note that n <C h ex implies that K£ — > as e — > 0, while 5 
stays fixed. The only difficulty in defining Y £ in A is that the annulus can contain balls from 
B sprinkled throughout. We get around this by taking Y £ to vanish there (ultimately we 
view this Y £ as extending the Y £ already defined in the balls). Indeed, define Y £ : A — ► 1R 2 
by 

Y £ (x) = l°> \x-p\ET 

yD(\x-p\)T dB (p,\ x - P \){x)j^, \x-p\e{K£,5)\T. 

Here, as before, tqb is the counter-clockwise unit tangent vector field to the boundary of 
a ball, dB, and D(t) and T are defined by (14.61) and (14. 7p . Note that Y £ also depends on 
S and K, but we do not write that in the notation. 

Following Lemma 9.3 of [H], we estimate from below the energy contained in A. 

Lemma 4.3. (fl^j Lemma 9.3 Redux) Suppose configurations {{u £ , A £ )} satisfy assumption 
(HI). Let Y £ be defined on A by (14.101) . Then for e sufficiently small, 



- I Wa'Us\ 2 + - I (curlA') 2 >— / \V A ' u £ - iu £ Y £ \ 2 

r S dt n 3 / 2 A 

+ 7T/ D\t)-dt-7in 2 6 2 - 27r%--7in 2 e Q /Hog^- (4.11) 
Jk£ t K Kl 



Proof. We suppress the subscript £ on a £ , Y £ and A' e . The proof proceeds as in [H] except 
we use Lemma 3.2 of [T3] with A = ^ to recover the Y term. Indeed, for t ^ T it yields 

\ f l V ^| 2 + ^ / (curl A') 2 >\l \Va'V — ivY\ 2 + irD 2 (t) (-? — 8 

1 JdB(p,t) 4() JB(p,t) 1 JdB(p,t) V 1 

(4.12) 
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Then, using the fact that Y = in A fl {\x — p\ G T}, we have 



\\ \V A ,v\ 2 + - A j{™\Ay>\l I |V 

z JA\B 4 J A z J(KIS)\T JdB(v.t) 



2 

A'f — «f K dt 



<A\B ^JA J (K£,8)\T J dB(p,t) 

I |V A ^| 2 + / 

1 (A\B)n{\x-p\eT] J(K£,S)\T 



■ \ [ _J V ^| 2 +/ _nD 2 {t) [\ -S) dt (4.13) 



1 [ \V A ,v - ivY\ 2 + / TtD 2 (t) (--s]dt- [ 7iD 2 (t) (--5 

2 Ja\ b Jki \t J Jt \t 



>A\B 

Now we bound 

nD 2 (t)5dt < ixn 2 5 2 . (4.14) 



'Ki 

The fact that T C {K£, 5) and |T| < 2r implies that 



, dt 2 f K£+2r dt A 2r\ 9 2r „ n 3 / 2 



* ™ L T ^ TO log V + la)- ™ kI = **1T' (415) 



Then (14.131) - (I4.15P provide the bound 



\ I |V^| 2 + - / {cm\A) 2 > 1 - [ \V A ,v-zvY\ 2 + f 7rD 2 (t)- - 7rn 2 <f - 2tt 
2 4 .7.4 2 Jm B J Ki t 



n 



3/2 



(4.16) 

We now recall that |Vyi'w| 2 = |V |ii|| 2 + |w| 2 \V a'V | 2 and that 1 — e a ^ < \u\ < 1 + £ a,/4 
on This implies that |Va'^| 2 > (1 — 2e a ^ A ) |Va'W | 2 . To conclude, we multiply both 

sides of (jlJi| by 1 - 2e a / 4 and use the fact that 1 > ^M^lp ' > ^jjf ^ or e sufficiently 
small. The result then follows by noting that J^ttD 2 ^)^ < 7m 2 log 



KV 

□ 



With this modification established we deduce a corresponding modification of Propo- 
sition 9.4 from [T4j (the proof is exactly as in [14J): 

Proposition 4.4. ([T$ Proposition 9.4 Redux) Suppose configurations {(u e ,A £ )} satisfy 
assumption (HI). Then there exist positive K , So such that if K > K , 5 < 6~o and if £ and 
e are sufficiently small, letting v = did^ , we have the estimate 

\ I \^A'U £ \ 2 + 7 / (curl^) 2 + 2nh ex [ £ dv > ^- I \ V A >u £ - u £ Y £ \ 2 
2 Ja\b J 36 J A \ B 

6 

+ 7m 2 log— + 2irnh ex §o + 2nh ex d i(Uh) ~ §o) ~ ™ 2 5 2 + o(n 2 ). (4.17) 

bi£B(p,Ki) 
di>0 



Moreover, for any t e [K£, 5] we have that 

D{t) -n 



n 



<C£ Z [- + !). (4.18) 
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4.4 Lower bounds outside B(p,5) U B 

In this section we find lower bounds in the region outside the ball B(p, 5) and the collection 
of balls, B. These bounds are different from those found in [H] in that we again use a 
completion of the square trick to find a novel term in the lower bounds. In this region, 
however, we use the more natural function G p (see fll.9|) ) and its perpendicular gradient 
V^Gp rather than the ad hoc Y e vector fields used in previous sections. 

We now state a result, which is part of Proposition 9.5 of [Hj, that provides information 
on the weak limits of f = (iu, V^m), hi = curl A', and \il = curl(j' + A') when suitably 
normalized. This information on the weak limits will be used to deal with the cross terms 
that arise when we "complete the square" with Lemma 12.11 In what follows it will be 
useful to work with the function / : M + — > M + given by f(x) = X\o i]( x ) + x ~ 1 X[i oo)( x )- 

Lemma 4.5. Suppose configurations {(u £ ,A £ )} satisfy (HI) - (H4). Then up to extraction 
as e — > 0, 

y(W\)Xn\B3e^3* weakly in L 2 0c (fi\{p}) 
-h' e — h* weakly in L 2 (fi) 

i/4 27t5 p weakly-* in (C°' 7 (f2))* for some 7 G (0, 1). 

The limits satisfy the relation curl j* + h* = 2n5 p . Moreover, as 5 — > 0, 

/ Gph-^Gp-j* = [ |VG p | 2 + |G p | 2 + o 5 (l). (4.19) 

Jn\B( P ,8) Jn\B(p,8) 

Proof. Everything except (I4.19P is proved directly in Proposition 9.5 of [H]. For (I4.19P 
we make a minor modification of their argument. They show in the proof, [HI (9.80) - 
(9.82)], that 

/ G P (K - G p ) - V ± G P ■ (j, + V ± G P ) = otf(l). (4.20) 
Jn\B( P ,s) 

To conclude then, we simply write 

G P K - V^G P ■ U = \G P \ 2 + I V ± G P | 2 + G P (K - G p ) - ^G, ■ (j, + ^G,) (4.21) 
and integrate. 

□ 

Remark 4.1. This lemma guarantees that, up to extraction, the sequences j' £ /n, h' e /n, 
and yi! e /n have weak limits. Henceforth we assume that the extraction has already been 
performed so that these weak limits exist. 

The following proposition provides the energy lower bounds in Q\(B(p,d~) U B). The 
completion of the square trick is done with — iu e nf(\u e \)'V ± G p . 



19 



Proposition 4.6. Suppose configurations {(u £ ,A £ )} satisfy (HI) - (H4)- Define the set 
W = Q\(B(p, 8)UB). Then for e sufficiently small, 

-I |V A ^ £ | 2 + |curM' e | 2 > - / \V A >u e + iu £ nf{\u e \)V^G p \ 2 + - I \cw\A' e - nG p \ 2 
^ Jw ^ Jw ^ Jw 

- 7m 2 log5 + im 2 S n (p,p) + o s (n 2 ) + o{n 2 ). (4.22) 

Proof. Suppress the subscript e for convenience. To begin, we use X = — n/(|w|)V~ L G ? , in 
Lemma |2~T1 to get the identity 

|V A ,u| 2 = \V A 'U + inuf(\u\)V ± G p \ 2 - 2nf(\u\)V ± G p ■ f - n 2 \VG P \ 2 f 2 (\u\) \u\ 2 . (4.23) 

We complement this with a "completion of the square" for curl A': 

|curlA'| 2 = \cur\A' -nG p \ 2 -n 2 \G p \ 2 + 2nG p curl A'. (4.24) 

We add (I4.23P and (14.241) . divide by 2, and integrate over W to arrive at the identity 

-/ |V A 'w| 2 + |curlA'| 2 = - [ \\7 A ,u + inuf(\u\)V L G p \ 2 + |curlA' -nG p \ 2 
2 Jw 2 Jw 

+ n [ G p cm\A ! -V L G p -j'f{\u\)-\ I \G P \ 2 + \VG P \ 2 f 2 (\u\)\u\ 2 . (4.25) 
Jw 1 Jw 

We want to keep the first integral on the right, but we keep continue working with the 
second and third integrals. 

The function / satisfies the inequality xf{x) < 1 for all x > 0, and hence \u\ 2 f 2 (\u\) < 
1. This, when combined with the fact that G p G Hl oc (Q\{p}) , provides an estimate for the 
third integral on the right side of (I4.25p . Indeed, 



~[ \ Gp \ 2 + \VG p \ 2 f 2 (\u\)\u\ 2 >-^-[ |G P | 2 + |VG P | 2 
1 Jw 1 Jw 

= -% [ |G p | 2 + |VG p | 2 + o(n 2 ), 
1 Jn\B(v,s) 



(4.26) 



as e — > 0, where we have used the fact that \B\ = o(l) and G p G Hl oc (Q\{p}) . 
To estimate the second integral in (14.251) we write 

nf G p cm\A' -V ± G p -ff(\u\)=n 2 [ G p - curl A' - V X G P ■ -j'f(\u\) 
Jw Jw n n 

f 1 1 

= n 2 / G P Xn\B~ ™rl A' - V^Gp ■ -j' f(\u\)Xn\ B - 
Jn\B( P ,8) n n 

(4.27) 

Now the weak L 2 (Q) convergence curl A'/n — ^ h* of Lemma [4.51 implies that 

/ G pXn \ B -cuT\A' = o(l)+ [ G P K, (4.28) 
Ja\B(p,5) n Jq\b( p ,s) 
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while the weak Lf oc (Q\{p}) convergence ~f f {\u\)Xa\B ~^ 3* hnplies that 

/ V ^G p --ff(\u\) Xn \ t3 = o(l)+ [ V^-j*. (4.29) 

Ja\B( P ,8) n Jn\B( P ,s) 

Combining (14.271) - (14.291) and applying (14. 19ft allows us to conclude that 

nf G p cur\A' -V ± G p -j'f(\u\)=n 2 [ \VG P \ 2 + \G P \ 2 + o 5 (n 2 ) + o(n 2 ). (4.30) 
Jw Jn\B(p,s) 

From these calculations we see that the second and third integrals on the right of (I4.25P 
can be written as an integral of |G P | 2 + | VG P | 2 plus an error term. Indeed, summing (I4.26P 
and (I4.30P yields the bound 

nf G p cmx\A! -V L G p -j'f{\u\)-% f \G P \ 2 + | VG P | 2 f 2 (\u\) \u\ 2 
Jw 1 Jw 

>%\ \VG p \ 2 + \G p \ 2 + o s (n 2 ) + o(n 2 ). (4.31) 
* Ja\B(p,s) 

To complete the proof we must estimate this integral of G p and its gradient. For this we 
use the expansion G p (x) = — log |x — p\ + Su(x,p). Since G p vanishes on dQ, we may 
compute 

1 f ivt^y |2 , \n |2 1 f „ l t \ P ~ X 



I \VG P \ 2 + \G P \ 2 = \ f G p (x)VG p (x) 

1 Jn\B(p,8) 1 JdB(p,8) 6 



1/ ( -\ otS + Sa{p , P ) + o sW )(\- ?*>\ <« 2 > 

JdB(p,6) \° 

= -7rlog<5 + irS n (p,p) + Of(l). 
We combine K25b . (tOIll . and (14^321) to prove flQ2|) . 



□ 



4.5 Lower bounds in B(p, K£)\B 

We now turn to finding bounds in B(p, K£)\B. In this case, we again use a completion 
of the square trick, but the function we use is neither the natural choice — V ± G P nor a Y £ 
vector field as used before. Instead, we use a function that arises as the weak-* limit of 
a renormalization and blow-up at scale £ of the superconducting current j. This has the 
disadvantage of being tied to the functions u £ , A £ and not just to the domain Q. 

We define some notation related to j. For f(x) = X[o,i]( x ) + x ~ 1 Xn,ca)( x )j we wr ite 

3 — j'f{\ u \)- Define the blow-up of j as j(x) = £j(p + £x)Xci\b(p + ^ x )- Now we state a 
result, which is part of Proposition 9.5 of [14j, that defines which function we use in the 
completion of the square. 
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Lemma 4.7. Suppose configurations {(u £ ,A e )} satisfy (HI) - (H4), and that 1 <C n as 
well. Let j be the blow-up of j defined above, and define the blow-up measure on R 2 at 
scale £ = \Jn/h ex by 

fi(u, A){x) = t 2 X n {lx + p)n(u, A){£x + p). 
Then, up to extraction as e — > 0, 

—j -± J* (4.33) 

n 

weakly in L 2 oc (R 2 ), and 

- P., (4.34) 

weakly-* in the dual of C^iM?) for some 7 e (0,1), where //* is a probability measure. 
The limits satisfy curl,/* = 2-717^. Moreover, as K — > 00, 



-/ |J*| 2 = - f I J* - V^Ujf -ir [j \og\x-y\ dfj, m (x)dfj, m {y) 
1 Jb(o,k) 1 Jb(o,k) J J 

+ vrlogK + o K (l), (4.35) 



where is the solution to At/* = 2ix[i* in B(0, K) subject to the boundary condition 
U* = on dB(0,K). 

We now use the "square completion" of Lemma 12.11 in conjunction with the weak 
convergence of the rescaled and blown-up currents to find energy bounds in B(p, K£)\B. 

Lemma 4.8. Suppose configurations {(u e ,A £ )} satisfy (HI) - (H4), and that 1 < n as 
well. Let J* and f be as defined above, and define the blow-down of J* by 

T ( ( x ~ p 

Then 

\( \^A<u\ 2 = \( \V Al u-iuf{\u\)nJ,\ 2 + ^- [ \J^\ 2 + o(n 2 ). (4.36) 

* JB(p,Ke)\B * JB(p,K£)\B * JB(0,K) 

Proof. Set X = nf(\u\)J* in Lemma [2.11 and integrate over B(p, Kt)\B to arrive at 
- j \Va'u\ 2 = - j \Va'U - iuf(\u\)nJ*\ 2 

1 JB(p,Ke)\B 1 JB(p,Ke)\B 

+ n 2 [ l--Xn\B-^[ |X| 2 |n/(|n|)| 2 . (4.37) 
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We must only deal with the last two integrals. By the weak convergence j/n — ^ J*, we 
have, blowing up via a change of variables x i— > p + fx, 

J*- l Xn\B= [ J* l = [ |^| 2 + o(l)- (4.38) 

B(p,Kl) n J B{Q,K) n JB(0,K) 

Using the fact that \u\ = 1 + o(l) outside of B, and making the same change of variables, 
we also have that 



Ibi 



\J*\'\uf(\u\)\ z = / |X| 2 + o(l)= / |J*| 2 + o(l). (4.39) 

' B(p,Kt)\B J B[p,Kt) JB(0,K) 

Combining ffl~3Tl) - fl439l yields the result. □ 

This result can be combined with the properties of J* to arrive at a more useful estimate. 
Indeed, the previous lemma and (I4.35P immediately yield the following. 

Proposition 4.9. Let {(u e ,A e )} satisfy (HI) - (H4), suppose 1 < n, and let J* and /i* 
be as above. Then 

- [ |Va'm| 2 = ~ / \Va'U - iuf(\u\)nJ*\ 2 + ^— f | J'* — V^f/* | 2 

^ J B(p,Kl)\B £ J B(p,K£)\B ^ J B(Q,K) 

+ nn 2 log K — im 2 / / log \x — y\dfi*(x)dfi*(y) + o^(n 2 ). (4.40) 



4.6 Synthesis: lower bounds on all of £1 

Finally, we combine all of the lower bounds of the previous sections with the energy-splitting 
result, Proposition 14.21 to find a lower bound for G £ . 

We introduce the vector field X £ to be a single field that consists of all of the different 
fields we have completed the square with. Indeed, define 

UY £ inBUA 

X £ := \ /(kDV-Ltf* in B(p, K£)\B (4.41) 
l-AkDV^Gp in n\(B(p,5)UB). 

Here we have used the notation V^-U* for the blow-down at scale £ of V ± U^, where Z7* 
is defined in Lemma [4.71 The function G p is defined by (11.91) . and Y £ is the field initially 
defined in B by Theorem [1] and then extended to A\B according to ( 14.101) . Although X £ 
also depends on 6 and K, we do not build the dependence into the notation. We also recall 
the definitions of f £ in ( |4.4p and I in ( 11. 101) . 

Our main result of this section implies the first assertion (11.121) of Theorem HJ 
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Theorem 7. Suppose configurations {(u e ,A e )} satisfy (HI) - (H4), and that 1 <n. Let 
X £ be the vector field defined by ( 14.411) . Then for e sufficiently small, and as K — > oo ; 
5^0, 



n 2 r 

G £ (u £ , A £ ) > f £ (n) + n 2 I(^) + o Kt5 (n 2 ) + o(n 2 ) + — / 

36 J Q 

+ kf |curl4| 2 + i/ 

J B(p,8)uB z Jn 



^A'U £ - iu F X 



\cur\A' £ -nG p \ 2 . (4.42) 



n\(B(p,8)uB) 



Proof. For convenience we drop the subscript e for the rest of the proof. Applying both 
bounds of Proposition 14.21 provides the initial lower bound 



where 



G e {u,A) >I + II + III, 



V 1 

/ := h 2 J + Tin log h — / \V a'U - iuY\ 

ne 6b 



II := F e (u,A',Q\B) + 2nh ex J £ dv + J \cm\A'\ 



(4.43) 

(4.44) 
(4.45) 



and 



/// := ™( n ' - n ) \\oge\ - Crh ex (n' - n) - Ch ex E* a/2 - 1 - Ch 2 ex e a - Cn. (4.46) 

The term III is easiest to deal with, so we dispatch it first. The hypotheses h ex < Ce -13 , 
2/3 < a < 1, and < (3 < 3a/2 - 1 imply that 



s 3 ^h ex = o(l) 
h 2 ex e a = o(l). 



(4.47) 



Since r = 1/ \Jh ex ^ we have that rh ex = \/h ex , and hence the hypothesis (H3) implies that 
— (n' - n) \\oge\ - Crh ex (n' - n) = (n f - n) y— |loge| - C^/h ex j > (4.48) 



for e sufficiently small. These bounds and that l<n then imply that 

/// > o(l) -o(n 2 ). 



(4.49) 



The terms in // essentially constitute the energy content of the exterior of the balls; 
in bounding II we will employ all of the estimates of the previous sections. We begin by 
splitting F e (u, A 1 , Q\B) into parts corresponding to the different regions considered in the 
previous sections. Indeed, we write 



II = IV + V + VI, 



(4.50) 



24 



where 



IV := F e (u, A, A\B) + 2irh ex / £ dis + 



I curl A 



/|2 



is the energy content of the annulus around p, 

V:=F £ (u,A',n\(B(p,5)UB)) 
is the energy content outside of the ball B(p, 5), and 

VI:=F £ (u,A',B(p,K£)\B) 



(4.51) 
(4.52) 
(4.53) 



is the energy content in the ball B(p, K£). In the annulus around p, Proposition 14.41 shows 
that 

/2 ( 1 
I curl A' I + 



IV > 



36 



IVa'W — my| 2 + - 



A\B 



A\B 



| curl A 



/|2 



s 



+ Tm 2 \og— + 2imh ex ^o + 2TTh ex ^ ^(£ (&i) - £o) - vmV + o(n 2 ). 



(4.54) 



bi£B(p,Ke) 

d t >0 



In B(p,S) we use Proposition 14.61 to estimate 

\V A >u + iunf{\u\)V L G p 



2 1 



n\(B(p,5)uB) 



I curl A' — nG r 



n\(B(p,8)UB) 



(4.55) 



- im 2 \og5 + irn 2 S n (p,p) + o 5 (n 2 ) + o(n 2 ). 
Finally, in B(p,K£) we utilize Proposition 14.91 to get 



VI > 



— i 2 Tl 

\V a'U - iuf(\u\)nlA + — 



B(p,Ki)\B 



J* — V^CT* 



2 1 



B(0,iC) 



I curl A 



/|2 



B(p,K£)\B 



+ nn 2 log K - nn 2 // log |x - y\d^(x)djjb*(y) + o K (n 2 ). 



(4.56) 



By changing variables to blow-down at scale £, we have that 



n 

T 



B(0,/ST) 



> 



J* - V-LLT* 



B(p,K£) 



B(p,Kl)\B 



(4.57) 



m/(|u|)nJ* — m/(|w|)riV- L t/# + o(n 



where we have used the fact that \u\ = 1 + o(l) in -B(p, K€)\B. Hence, 



- 1 2 Tl 

\Va'U — iuf(\u\)nJj + — 



B{p,K£)\B 



J* — V £/* 



n 

> — 
~ 4 



B(0,if) 
2 



B{p,K£)\B 



-V A ,u-iuf(\u\)V±U* 
n 



(4.56 
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We now note that the proof of Proposition 9.1 of [H] shows the inequality 

2vr/i ex £ di(£o(&i) - &) > ™ 2 y Q(aO<WaO + M 1 ), (4.59) 



bieB(p,K£) 
di>0 



where Q is the quadratic form of the Hessian of £o & t V- Also, the assumption that 
10 < h ex implies that 1/4 — r 2 /2 > 1/5. Then, summing ( 14.54ft - ( 14.561) and employing 
( 14.571) - ( 14.591) . we arrive at the bound 

II > 7m 2 log^ + 2-nnh ex ^ + 7m 2 S n (p,p) + n 2 I(^) + o 5 (n 2 ) + o^(n 2 ) + o(n 2 ) 



+ 



+ 



+ 



n 
36 

r; 2 



-4\B 



-Vi'M — iu—Y 
n n 



2 2 
n 

+ T 



a\(s(p,<5)uB) 



B(p,Ki)\B 
2 



?? 



n 



■V A 'M + w/(|ti|)V ± G ? 



+ 



I curl A 



/|2 



(4.60) 



B(p,S)UB 



| curl A' — nGp 



U\(B(p,d)UB) 



In order to conclude we turn back to /. Note that since r = l/\/h ex and 
we have that 



nlog • 



ne 



n I lo 



log n = n log 



3n 



logn = n log o(n 2 ). 



n/h e 



(4.61) 



We use this expansion in J; the result follows in view of the definition of X £ from summing 
J, IjPSjl . and (I4~60l . 

□ 

Remark 4.2. The condition 10 < /i ex . can be relaxed at the cost of a different constant 
in front of the f B ( p ^ uB |curlA'| 2 term. Indeed, for any 7 < 1/4, the relaxed condition 
hex > 2/(1 — 47) puts a term 7 in front of the curl integral. If we are willing to drop 
the curl integral altogether in the lower bound, we may set 7 = and assume only that 
hex > 2, the minimum requirement for 1/4 — r 2 /2 to be nonnegative. 



5 The case of a priori upper bounds on G £ 

We now utilize the result of Theorem[7]in conjunction with various a priori upper bounds on 
the full energy G £ . The result is the following more versatile extension of Proposition 13.11 
which together with Theorem [7] implies Theorem HI The main assertion is that || Va'^IIj^oo 
is of the same order as n. As mentioned in the introduction, this is significant in that the 
quantity n is determined by the ball construction, and is thus not intrinsically defined, 
whereas || V a'u\\l 2 ^ is. 
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Theorem 8. Suppose configurations {(u e , A £ )} satisfy (HI) - (H4) and that l<n. 
1. It always holds that, as e — > 0, 



—V a'U £ — iu £ X e 



n 



0(1), 



L 2 (n) 



1 



n 



|VA^ £ || L 2,oo (n) < || VGp \\ L 2,oo {Q) + C(C + 1), 

where C depends on Q and Cq is the constant from the bound (H4), and 

1 



curl A' 



n 



0(1) 



L 2 (n) 



2. If we assume that the a priori bound 

G e (u E ,A e )<f e {n)+n 2 I(^)+o{n 2 ) 

holds, then, as e — > 0, 

1. 



■V^m £ - iu £ X e 



n 



L 2 (n) 



o(l) + o KjS (l), 



and 



\VG 



p\\L 2 >°°(fl) 



-o(l) < -IIV^w 
n 



e \\L 2 >°°(n) — ll^^pllL 2 >°°(n) 



where C is a universal constant. Also, 



— curl A!. — > G v 

n 



(5.1) 
(5.2) 

(5.3) 

(5.4) 

(5.5) 

+ 67+0(1), (5.6) 
(5.7) 



strongly in L 2 (Q). 



The reason for the lack of strong convergence in L 2, °° of ^Va'W, or rather of X e , to 
— V ± G p was given in the introduction, Section 11.71 This explains the presence of the 
constant C in (15.61) . We start with two lemmas that establish that we can, however, 
estimate ||X e || L 2,oo( n ) in terms of || VGp^L^ip)-, but without equality. Note that the second 
lemma is the place where we crucially apply the L 2 '°° control in the balls proved in the 
previous paper [IB] . 



Lemma 5.1. Let X s be the vector field defined by (14.411) . Define the set 

W £ = supp(X £ ) n (Q\(B(p, Ki) U B)). 

Then 



\X £ + V^G 



P||£2,oo(W e ) 



o(l) + o K)S (l). 



(5.8) 
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Proof. Again suppress the subscripts e. To begin we decompose W into two components, 
one part inside the annulus A and the other outside. Let W\ = Q\(B(p, 5) U £>) and 

At = {x e A | \x-p\£ T}, 

where T is defined in (14. 7ft . Then W = W% U At is a disjoint union, and we may trivially 
bound 



X + V X G 



P\\L 2 <°°(W) 



< \\X + V X G 



P\\L 2 '°°(Wi) 



+ X + V ± G 



(5.9) 



On W x we have that X = -f(\u\)V ± G p , and hence X + V ± G P = (1 - f(\u\))V ± G p 
there. By construction, \u\ = 1 + o(l) on Wi, so = 1 + o(l), and we may bound 



X 



T p\\L 2 >°°(n) 



o(l). (5.10) 



On At we have that 



X(x) 



D(t) t p 



n \x — p\ 

where D(t) is defined by (14. 6B . The decomposition G p (x) = — log \x — p\ + Su(x,p) yields 
— Pr^pf + ^ ± Sn(x,p)- Hence, on At we have 



V ± G p (x 



D(t) 



n \x — p\ 
We may use (I4.18P to estimate 

D(t) -n 



D(t) — n\ r p 



n 



\x — p\ 



^Sn&p). 



n 



< Ct - + 1 < c — + 



t 2 



since t G (K£, 5). Using this, we see that 



\X + V ± G P \ 



2^(o(l) + o K (l)) + o s {l). 



P\ 



K 2 



+ \W ± S n (;p)\ 



L 2 - 



L 2 ^{A T ) 



(5.11) 



Here we have used ||1/ |x||| i2iDO = l^fn; the fact that W ± Sq(-,p) is continuous and \At\ 



Og(l) allows us to write ||V ± S'^(-,p)| 

(EUD. 



L 2 ^{A T ) 



0{(1). The result O follows from fl53|) 



□ 



Now we show that HiigA^H^.oo can be estimated above and below by || VGpH^.oo- 



Lemma 5.2. Let X e be the vector field defined by (14.411) . We have that, for e sufficiently 
small, 

\\^ G p\\l 2 ^(P\{B{ p .5)VJB)) ~ - W U e X e\\L 2 ^{tl) - II VG p || L2i00(Q) + C(C + 1) + K>5 (1), 

(5-12) 

where Co is the constant from (H4) and C depends on Q. 
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Proof. Recall that, by construction, \u\ = l + o(l) on Q\B. In the balls, B, the construction 
of the vector field Y is such that \u\ < 3/2 on supp(F) fl B (see Proposition 4.3 of [To]). 
Since X = — J(|u|)V G p on Q\(B(p, S) U B), the lower bound follows from the pointwise 
inequality 

(1- o(l))\VG p (x)\ <\u(x)\\X(x)\ for x E Q\{B(p,5) UB). (5.13) 
For the upper bound we define the sets 

fii = U\(B(p, K£) U B) 
Q 2 = B(p, K£)\B 
V 3 = B, 

where, as usual we abuse notation by writing B for Ub^bB. We then have that 
and we estimate each term separately. On Qi we apply Lemma [5.11 to see that 

1 1 uX 1 1 £2,00^) = Ip^Mll^oo^nsupppf)) 

< (1 + 0(1)) \\X\\ L 2,oo (ninsupp(X)) 

< (1 + (l))(||VG p || i2 , oo(ni) + ||X + V^G p || i2i00(ninsupp(x)) ) 

< II VG p || i2 ,oc (c) + o(l) + o^(l). 

For f2 3 we employ Proposition 6.4 of [15J along with the bound \u\ < 3/2 to bound 

\\uX\\l 2 ^ 3) < JL \\Y\\l^ m < £ (F:(u,A>,B) -ttu (log£) +n 2 ) , (5.15) 
where C is a universal constant and 

F^u,A!,B) = \ [ |V A m| 2 + r 2 |curMf + -i-(l-|n| 2 ) 2 . (5.16) 

We claim that for e sufficiently small, 

FT(u, A', B) - im log — < C n 2 + Cn 2 , (5.17) 

ne 

where Co is the constant from (H4) and C depends on Q. This immediately implies that 

lkX|| L 2 i00(Q3) <C(Co + l), (5.18) 

where C depends on Q. To prove this claim we must use a modification of lower bounds 
argument of Theorem[71 and then compare with the matching upper bound (H4). We argue 
as we did in ( 14.43 p . except now we wish to retain the term F*(u, A', B) rather than bounding 
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it from below by Lemma [4.11 This yields a lower bound of the form G £ (u,A) > I + 77, 
where II is identical to the II used in (14.431) . and 



/ : = h 2 ex J + F r £ (u, A', B) - Cy/hZ(ri - n) - Ch ex e Za/2 - 1 - Ch 2 ex e a . (5.19) 

The term //, which corresponds to the free energy outside the balls, we bound in exactly 
the same way, yielding (14.601) . For the purposes of the claim we can disregard all of the 
integrals in the second and third lines of (14.601) and retain only the first line. For I we 
employ (I4.47P to write its last two terms as o(l). Combining this with the bounds on // 
and comparing to the upper bound (H4), we have that, for e sufficiently small, 

vmlog - + C n 2 > FUu, A', B) + n 2 I{^) - C^/K~ x {n' - n) + o KS {n 2 ) + o(n 2 ). (5.20) 

£ 

Letting K — > oo and 5 — > 0, we absorb the OK,s{n 2 ) term into the o(n 2 ) term. The 
functional /(•), defined over probability measures, has a unique minimizer /i (see |llj); 
we bound /(/i*) > I(^o), a constant that depends only on Q. We now borrow half of 
FJ(u, A', B) and use Lemma 9.1 of [Hj to bound 

I 7TT? T TTCV ) 

-F:(u, A', B) > — log — + —(n' - n) log - - Cn. (5.21) 

Putting (I5.2ip into (15.201) and employing (14.481) to deal with the n' — n terms and (I4.60|) 
to rewrite the log£/e term, we find that 



37m 



\ogn + C n 2 -n 2 I(fio) + Cn - o(n 2 ) > - ^FJ(u, A', B) — nn log ■^j . (5.22) 



The claim follows. 

In n 2 we note that \uX\ = f(\u\) \u\ Vt/* < Vt/# . This and a blow-up at scale I 
imply that 

1 1 1 1 ^oo^) — II^^ILa.oo^) < 11^^*11x2,00(^(0^))- (5.23) 

Since AC/* = 2ir{i* in B(0,K) with vanishing Dirichlet boundary condition, we may write 

U*{x) = [ H K (x,y)dfi*(y), (5.24) 
Jb(o,k) 

where 

H K {x, y) = log \x-y\- log x - y^jr 

\x\ K 

is the Green's kernel on B(0, K). Since Hk{x, y) = Hi(x/K, y/K), and the gradient of the 
Hi kernel can have at worst a singularity like 1/ \x — y\, we have that 

sup \\VH K (-,y)\\ L2iOO{B{0K)) = sup ||V#i(-,y)|| L2 ,oo( B(0il)) = C < oo (5.25) 
yeB(o,K) veB(o,i) 
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for some universal constant C that does not depend on K. Now, for any set E C B(0,K), 
we have that 



VU*(x)\dx< / / \VH K (x,y)\d[i*(y)dx 

L J E JB(0,K) 



B(0,K) JE 



\VH K (x,y)\dxd^(y) 



(5.26) 



< / \E\ 1/2 \\VH K (.,y)\\ L2 „ 

'B(0,K) 

\E\ 1/2 sup \\VH K ( 

yeB(0,K) 



\L 2 ,°°(B(0,K)) ' 

where we have utilized the fact that /z* is a probability measure. Hence 



||VC/* 
The result follows. 



\l 2 '°°(B(0,K)) — SU P II Vi?if(-, 1/)|Il2,oo(S(0,K)) 

s/eB(o,i<r) 



C < oo. 



(5.27) 



□ 



Remark 5.1. T/ie dependence of the term C(Cq + 1) on t/ie domain is only through the 
dependence of I(/j,q) on the quadratic form of D 2 ^o. If the stronger a priori upper bound 
G e (u £ , A £ ) < f £ (n) + n 2 I(fi*) + o{n 2 ) holds, then we may replace the Con 2 — n 2 /(/i ) term 
on the left side of (15.221) with o(n 2 ). In (15.121) . this allows us to replace the term C(Cq + 1) 
with a universal constant C . 

We can now conclude the 

Proof of Theorem^ For convenience we drop the subscript e on u £ , A e , and X £ . The 
hypotheses allow us to employ Theorem [7] for a lower bound on G E (u, A). Comparing this 
with the upper bound (14. 3p and dividing by n 2 , we find that 



-V a'U — iuX 



n 



L 2 (n) 



<C + o(l) + o K;5 (l). 



(5.28) 



This implies (15.11) . From this and the bound ||-|| L 2,oo < \\-\\l2, we have that 
1 



n 



\\V A 'u\ 



L 2 .°°(n) 



uX 



L 2 .°°(n) 



<C + o(l) + o KjS (l). 



Moreover, using Lemma [5.21 and letting 5 —>■ 0, K — > oo implies that 
1 



n 



^A'u\\ L ^ m < || VG p \\ L2t00(n) + C(C + 1) + o(l) 



(5.29) 



(5.30) 



where C depends on Vt and Cq is from the bound (H4). This is (15.21) . A similar argument, 
using the extra terms in the lower bounds of Theorem [3, proves (15.31) . 
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Suppose now that the bound (15.41) holds. Then, again comparing with the bound from 
Theorem [7J we find that 



-Va'M — iuX 



71 



L 2 (Q) 



<0{l)+0 K ,s{l). 



(5.31) 



This is (15. 5 p . We use Lemma 15.21 and Remark 15.11 and let 5 — > and K — > oo to arrive at 
the bounds 



< \\VG p \\ L%00{n) + C + o(l), 

where C is a universal constant. This is (15.61) . A similar argument proves that 
1 



(5.32) 



cur 



n 



1 A GpXn\(B(p,Ke)uB) 



L 2 (C) 



0(1) + 0* >5 (1) 



(5.33) 



Then 



— curl A' — G r 



n 



< 



L 2 (n) 



- curl A' - G P X 



n 



Q\{B(p,K£)UB) 



+ \\Gp\\ L 2( B (p,Ke)UB) 

L*(n) (5.34) 



< o(l) + Ox,5(l) + 11^11^(5) + ||G p || L2 



2 (B(j>,K£)) 



Let e — ► and then send 5 — > and if — >• oo. Then the right hand side tends to zero and 
(I5T7D follows. 

□ 

6 Convergence results 

This section provides several applications of Theorem [HJ Throughout we will assume that 
(HI) - (H4) hold, and that 1< n. 



6.1 Compactness of Jacobians 

In this section we will use the results of Theorem |8] to prove compactness of the gauge- 
invariant Jacobians (defined by ( 11. 61) ) in a function space based on Lorentz spaces, which 
we call X(p). We recall (see (I1.7P ) that the best estimates and compactness results for 
Jacobians in the literature are in the dual of the Holder spaces C°' 7 (their limit being 
generally bounded Radon measures). 

Before defining the space X, we recall the main problem that leads to considering it. In 
two space dimensions the exponent p = 2 is critical in the sense that its Sobolev conjugate 
2* = = 00 • This leads to embeddings Hq(Q) <^-> L P (Q) for each 1 < p < 00, but the 
embedding into L°°(Q) fails. Indeed, it is possible to construct functions in Hq(Q) that 
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are unbounded in a neighborhood of every point of Q (see Section 5.6 of [TTJ for details). 
However, for any p > 2, we get embeddings W ' P (Q) C°' 7 (n) with 7 = 1 — 2/p. We 
thus see a sharp transition from p = 2, where we can find very poorly behaved functions, 
to p > 2 where we have gained enough control so that the functions are Holder continuous. 
This suggests that it might be possible to find an intermediate space X, 

W 1,p (n) ^X(Q)^ H^(Q) for all p > 2, 

such that X(Q) ^ C°(n). 

Since the Sobolev spaces consist of functions whose weak derivatives are in some L p 
space, it is natural to look to the Lorentz spaces, L p,q , which are generalizations of LP 
spaces, in order to define X(Q). Though we will only use two of the Lorentz spaces, L 2,1 
and L 2 '°°, we give the definition for all 1 < p < oo, 1 < q < oo. See Chapter 5 of [18] or 
Chapter 1 of [I] for a more thorough treatment. 

Recall that we define the decreasing rearrangement /* : 1R + — > M + by 

f*(t) = inf{s > | X f (s) < t}, 

where 

A/00 = |{a;en | \f(x)\>s}\. 
For 1 < p, q < oo we define the Lorentz space 

L p ' q (Q) = {/ measurable | \\f\\ LP , g(n) < oo}, 

where 



r°° / i \q dt\ « 
suptpf*(t) for q = oo. 



(6.1) 



Below we summarize some useful properties of Lorentz spaces; proofs can be found in [1]. 
Lemma 6.1. The following hold. 

1. For 1 < p,q < oo, the spaces L p,q are quasi-Banach spaces, i.e. complete with respect 
to the quasi-norm ( 16. ip . 

2. The space L p,p coincides with the Lebesgue space LP , and the space L p '°° coincides 
with weak-L p . 

3. For 1 < p, q < oo the topology of L p,q generated by the quasi-norms is metrizable, and 
for 1 < p < oo, 1 < q < oo also normable (see ( 11.31) for the p = 2, q = oo norm). 

4- For 1 < p < oo, 1 < q < r < oo there are constants c v ^ r such that 

\\f\\ L P,r < c M>r \\f\\ LP , q . (6.2) 

This shows that the Lorentz spaces embed as the second index increases. 
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5. For 1 < p, q < oo, (L p ' g )* = L p '' q ' where p' and q' are the conjugate exponents of p 
and q respectively. The duality is achieved via integration: 



f(x)g(x)dx 



< c ll/lliP,9(n) IMIxpV(n) ■ ( 6 - 3 ) 



Note in particular the embeddings L 2 > q (Q) «^-> L 2 ' 2 {9) = L 2 {9) for 1 < q < 2. This 
suggests defining our intermediate space as follows: for any open set V CC M 2 with C 1 
boundary, we set 

x{v) = {f eHl{v) i v/a y (i/)}, 

and endow it with the norm H/H^y) = || V/|| L2 ,i(y), which makes X(V) into a Banach 
space. Here we abuse notation by writing || V/| \ L 2,i r V \ for the norm on L 2,1 (Q), which exists 
by item 4 of Lemma IB~Tl not the quasi-norm defined by (16. ip . We write X*(V) := (X(V))* 
for the dual of X(V) and define the space 

Kc = XLM 2 ) = if I / e X*{B(0, R)) WR > 0}. 

We say that a sequence {/„} C A^* c converges locally- weak-* in X* oc to / if for every 
KccR 2 ,/ n -/in X*(V). 

It turns out that X(Q) has exactly the properties we sought. Indeed, we have the 
following lemma, the proof of which can be found in Theorem 3.3.4 of [3]. 

Lemma 6.2. Let V be an open subset of M. 2 with C 1 boundary. Then X(V) > C®(V), 
and 

\\f\\ Loa(v) < C\\Vf\\ (6.4) 

In addition to being bounded and continuous, the functions in X(V) are also differen- 
tiable almost everywhere. See [TU] for a proof of this fact. However, it is not possible to 
find a modulus of continuity for the functions in X(V). 



Lemma 6.3. There is no embedding X(V) "-^ C°' W (V) for any modulus of continuity 



OJ. 



Proof. For simplicity we suppose V = B(0, 1). Suppose there exists a modulus of continuity 
uo such that X{V) ^ C°^(V), i.e. 

3up UM Z iM < C || V/ || w , (6.5) 
x+y u(\x-y\) 

with u(s) — > as s — > 0. Then any bounded set in X(V) is equicontinuous, and hence, 
by Arzela-Ascoli, pre-compact in C°(V). It is easy to check that X(V) is scale- invariant. 
That is, ||V/(A-)|| L2 ,i = ||V/|| i2jl for all A > 0. For any function / such that f(0) ^ 
0, we consider {/(n-)} ne N, which is pre-compact in C°(V). Since the support of f(n-) 
is contained in B(0,l/n), any convergent subsequences must converge uniformly to 0. 
However, f(n0) = /(0) ^ 0, which contradicts the uniform convergence to 0. □ 
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With these facts about the space X{VL) in hand we can prove a compactness result for 
the Jacobians. 

Proposition 6.4. Suppose that configurations {(u e ,A e )} satisfy (HI) - (H4), and that 
1 <Cn. Further assume that \\u e \\ LOO < 1. Then up to extraction, 

- 5 P and - 6 P (6.6) 

weakly-* in X*(Q). Define the blow-up measures on M 2 at scale £ = y/nf h ex by 

fl{u, A)(x) = £ 2 X n (£x + p)ii{u, A){£x + p). 
Then the blow-up measures also converge up to extraction: 

jl(u e , A e ) * fl(u E , A' e ) * 

^ md ^ (6 - 7) 

locally-weak-* in X* oc , where /i* is a probability measure on M 2 . 

Proof. We again suppress the subscript e on u, A, and A' in calculations. The pointwise 
bound |:L4'( n )l = \(iu, V^'«)| < \u\ \Va'u\ < |Va'm|, together with the result of Theorem 
El shows that 

||/|lL3,oo(n) < \\Va'u\\l2,°°(Q) < Cn - ( 6 - 8 ) 
Invoking the L 2,1 - L 2,00 duality and using (16. 8ft then proves that for / G Af(O) 

/ /curl/ = / VV-/ 

<^||V/|| i2ll(n) . 
Theorem [H] also showed that the bound 

IIcu^'IIl^) < Cn 



< l|V/|| wn) 



(n) IM iiL 2 .<x>(n) 



(6.9) 



(6.10) 



also holds. This fact, combined with the Cauchy-Schwarz and Poincare inequalities, allows 
us to deduce the bound 



/ curl A' 



< WfWvw Il curl ^'llx2(n) < Cn l|V/|| L 2,i 



(«) 



L (H) 



Thus, for any function / G X(Q), 



fn{u,A') 



[ fcm\(j' + A') 



< Cn\\Vf\ 



L 2 .!(n) 



(6.11) 



(6.12) 



This proves that the collection {-fi(u, A')} is bounded in X*(fl), the dual of X(Q). Since 
X(Q) is separable, there exists a weak-* sequential limit, and up to extraction 



n(u,A') 



n 



(6.13) 
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in X*(Q). Now, Proposition 9.5 of [14) shows that up to extraction 

fi{u,A') 



n 



weakly-* in (C° ,7 (f2))* for 7 > 2/3, and hence we may conclude that v = 2ir8 p . 
Recall that A = A — h ex V ± ^,o, which implies that 

j' + A'^j + A-h ex (l-\u\ 2 )V%. 

For any / G X{VL) we estimate: 

r V L f • (1 - \u\ 2 )V L ^ 



(6.14) 



M 2 )v^o) 




hex 1 






Jn 



< h P7 .e 



(i - K) 



2 \2\ 2 



I V^ol 



L°°(n) 



liv/ll 



L 2 (n) 



(6.15) 



l + g 



< ft^ (F B (|«| , O))' C || V/|| L2 , 1(n) < Ce*v ||V/|| L2ll(Q) , 



where the first inequality follows from the embedding L 2,1 <^-> L 2 and the last follows from 
the assumptions (HI). Note also that we have absorbed ||V^o|li2(n) into the constant since 
£0 depends only on the geometry of Q. We conclude from (I6.14p and (I6.15P that 



n(u,A) fi(u,A) 



n 



n 



as e — > 0. 



(6.16) 



This proves (I6.6p . 

It remains to prove (16. 7p . First note that since fi(u,A) G L 1 ^), the blow-up, ft,, is an 
element of X* oc . Fix R > 0, and consider X(B(0, R)). We will show that, up to extraction, 



fl(u,A') ^ 
2nn 



ft* 



weakly-* in X*(B(0, R)), where //* is a probability measure. 

Fix a function / G X(B(0, R)). Recall that the blow-up of /i is given by jl(x) 
£ 2 fi(£x + p)Xn(^ x +p)- By changing variables, we have 



/ f(x)fi(u, A')(x)dx = / /( — - — ) [i(u, A')(x)dx. 
Jb(o,r) Jn 



(6.17) 



For £ sufficiently small, i.e. for e sufficiently small, the blow-down of the support of / is 
contained in Q, and hence /((■ —p)/£) G X(Q). This allows us to apply the bound (I6.12p 
to conclude that 



f(x)jl(u, A){x)dx 



B(0,R) 



<Cn\\Vf((--p)/£)\\ 
= Cn ||V/|| L 2,i(b( 0i k)) • 
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(6.18) 



Then, as above, we conclude that up to extraction 

jl(u,A') 

weakly-* in X*(B(0, R)). Proposition 9.5 of [13] shows that up to extraction 



(6.19) 



2im 



weakly-* in (C°' 7 (I?(0, R)))* for 7 > 2/3, where /1* is a probability measure on M 2 . This 
proves that 

^ (6 - 20) 

weakly-* in X*(B(0, R)). Applying (16.151) to the blow-up, we conclude that 

* (6 - 21) 

weakly-* in X*(B(Q, R)) as well. Since the above analysis works for any choice of R we 
conclude that the blow-up convergence is locally-weak-* convergence in X* oc , i.e. (I6.7p 
holds. 

□ 



6.2 L 2 00 weak -* convergence of j'/n 
This section employs the stronger a priori bound 

G £ (u e , A e ) < f e (n) + n 2 I{^) + o{n 2 ) (6.22) 

in addition to (HI) - (H4) and 1 <C n. These assumptions allow us to employ item (2) 
of Theorem [H] to find more convergence results. In particular, we will establish the L 2,OQ 
weak-* convergence of the superconducting currents. 

We first show that /(|w|) |w| 2 X and — V ± G P are close in the weak-* topology. 

Lemma 6.5. Let X £ be the vector field defined by ( 14.41ft . Fix a vector field H e L 2 ' l (Q). 
Then 

<o(l)(||tf|| i2 , 1(n) + l) + o 5 (l). (6.23) 

Proof. Define the subsets Q\ = Q\(B(p,5) U B) and Vt 2 = B(p,S) U B, and drop the e 
subscripts. Note that on the set fli we have that X = —f(\u\)'V~ L Gp, and so 

f(\u\) \u\ 2 X + V L G P = (1 - f 2 (\u\) |«| 2 )V ± C P . 

Hence 

\\f(\u\) \u\ 2 X + V^H^^ < ||1 - f 2 (\u\) \u\ 2 \\ LOO[ni) HVGpll^..^ < o(l). (6.24) 
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/ Ui\u\)\u\ 2 X £ + V^G p )-H 



Since |0 2 | < \B\ + \B(p,8)\ = o(l) + 05(1), we have that 

<|O a | 



\ H \\l^(Q. 2 ) - 



r U2 > dt 
I H*(t) W2 =o{l) + o s {l) 



(6.25) 



where the equality follows from the absolute continuity of the integral. Using these two 
bounds and Lemma 15.21 we then have that 



/ (f(\u\)\u\ 2 X + V x G p )-H 
Jn 

[ (f(\u\)\u\ 2 X + V ± G p )-H + / {fHuDlufX + V^-H 
Jcii Jn 2 



< \\f(\u\) \u\ 2 X + V ± G ; 



pIIl 2 .°°(Qi) 



l 2 >°°(c 2 ) 



\\H\ 
\H\\ 



(6.26) 



Il 2 ^i) 
L 2 ^(n 2 ) 



+ \\f(\u\)\u\'X + V ± G p \ 
< o(l) \\H\\ L2 , 1(n) + 0(l)(o(l) + o,(l)) = o(l) \\H\\ L2A(n) + 0J (1) + o(l). 



□ 



Remark 6.1. The above lemma also holds with the f(\u\) terms removed everywhere. They 
are present in the lemma for ease of use in what follows. The reason the term is harmless 
is because the field X is only nonzero where \u\ = 1 + o(l) ; so adding the f term only 
modifies the powers of e that show up in the o(l) terms. 

This lemma allows us to deduce the convergence of the currents. This is the content of 
the following proposition. 

Proposition 6.6. Suppose (HI) - (H4) hold, that l<n, and the a priori bound 

G £ (u £ , A £ ) < f £ (n) + n 2 I(^) + o(n 2 ) 
also holds. Then for j' e = {iu £ ,V a'U £ ), we have that 



/(Kl) , 

Je 



n 



(6.27) 



weakly-* in L '°° (fl) . In particular, this implies that under the additional assumption that 



li°°(n) 



< 1, we have 



1 , A 

n 



(6.28) 



weakly-* in L 2, °°(fi). 

Proof. Again we suppress the subscript e. We have the pointwise bound 



f(\u\) J --f(\u\)\u\ 2 X 
n 



= I/(H)I 
<I/(H)I« 



,tu, iuX ) 



n 



iuX 



n 



(6.29) 



< 



iuX 



n 
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since xf{x) < 1. Then the strong L 2,00 convergence —iuX — > 0, given by Theorem [HI 
implies the strong L 2,0 ° convergence /(IwDj'/n — |m| 2 X — > 0. 

We now prove the weak-* convergence. Let H 6 L 2,1 (f2). Then 



n 



+ V X G P • # 



< 



m)f -f(\u\)\u\ 2 X)-H 



n 



+ 



/ [f{\u\)\u\ 2 X + V L G p )-H 
Jo, 



From the above analysis, we know that 



n 



f(\u\)\u\ A X)-H 



o(l) \\H\\ L2 



i(O) • 



We then combine (16.301) . (I6.3ip . and Lemma 16751 to conclude that 
'f(W 



+ V ± G P ■ H 



< \\H\\v, Hn) o(l) + o s (l) + o(l). 



(6.30) 



(6.31) 



(6.32) 



Let S — > 0; we conclude that f(\u\)j'/n — ^ — V G v weakly-* in L The second result 



follows by noting that \u\ < 1 implies that /(H) = 1. 



□ 



Together, Propositions 16.41 and 16.61 demonstrate the convergence j'/n — ^ — V ± G P and 
fx'/n — ^ 2nS p weakly-* in L 2 '°°(fi) and respectively. We also know from (15.71) of 

Theorem [8] that for h! = curl A', we have h'/n — > G p strongly in L 2 (Q). We thus see the 
consistency between the relations 



and 



curl j' + h' — fjf and 



curl(-V ± G p ) + G p = 2tiS p . 



We summarize below all the convergence results that hold in addition to those of Propo- 
sition 16.41 

Corollary 6.7. Assume (HI) - (H4) hold in addition to the assumptions l<n and 

G £ (u £ ,A £ )<f £ (n)+n 2 I(^) + o(n 2 ). 



Suppose that \\u 



< 1. Then 



1 , A 

n 



-V ± G P weakly-* m L 2 '°°(ft) 



1, 



n 



[i' £ — ^ 2ir5 p weakly-* in 



(6.33) 



G r 



< n 



strongly in L 2 (f2). 
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7 Results in Lorentz-Zygmund spaces 



7.1 Motivation 

We now return to the setting of Section 16.21 in order to improve the convergence results 
from weak-* L 2,oc to strong convergence in a slightly larger space. In particular we assume 
that l<n and that the a priori upper bound 

G e (u e ,A e ) <f £ (n)+n 2 I(^) + o(n 2 ) 

holds. To motivate what follows, we recall the mechanism that allowed us to prove the 
L 2 '°° weak-* convergence j'/n — — \/ ± G p in Proposition [HUH For simplicity we temporarily 
assume ||w|| ioo < 1 so that the normalization by /(|w|) is not needed. For H e L 2,1 (Q), we 
bounded the integral 



- + V ± G, 
n 



■ H 



< 



- - \u\ 2 X \ ■ II 
n 



[ (\u\ 2 X + V ± G p )-H 
Jn 



The first of these terms was bounded using the duality between L 2,1 and L 2,oc and the 
L 2 estimate \\j'/n — |u| 2 X|| i2 = o(l). So, the first term is actually no obstacle to strong 
L 2 '°° convergence. On the other hand, we fail to control the second term by o(l) || L2 ,i> 
which would immediately give the strong convergence if it held. Instead, we have to use 
the estimates of Lemma 1631 which bound the second term by o(l) || i2 ,i + o(l) + 05(1). 
These residual terms o(l) + o§(l) that do not multiply the L 2,1 norm of H come from the 
product 

\\j'/n-\u\ X\\ L 2^ {B ^ Ki)vjB) \\H\\ L 2,i {B{PtKl)vjB y (7.1) 

The first of these quantities is bounded by a universal constant and the second vanishes 
because the measure \B(p, K£) U B\ — o(l) + 05(1). It is therefore clear that the ob- 
struction to strong L 2 '°° convergence comes from the fact that we cannot prove estimates 
\\j'/n - H 2 X\\ L2tao{B{ ^ Ke)uB) = o(l) on the small sets B(p,K£) U B. 



The problem is that the L ,oc norm, like the L°° norm, does not necessarily shrink to 
zero when it is calculated over sets of vanishing measure. As a simple example consider 
the function f(x) = 1/ \x\ in R 2 . A simple calculation shows that 



Xs(o,i?)/ 



L 2,oo 



V2 



7T. 



for all R > 0. This points to a natural solution: we seek a space that is slightly larger than 
L 2 '°° (Q) with the property that if E n is a sequence of sets with measure going to zero, then 
JXe ~^ strongly in the larger space's norm for every / G L 2,OQ . Such spaces are found 
in the Lorentz-Zygmund spaces. 



7.2 Lorentz-Zygmund spaces: definitions and properties 

The Lorentz-Zygmund spaces constitute a natural generalization of the Lorentz spaces L p,q 
and the Zygmund spaces L p log" L = {/ | f(\f\\og a (l + \f\)) p < 00}. They are constructed 
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by introducing the Zygmund space logarithmic weight with index a to the Lorentz spaces. 
That is, for 1 < p, q < oo, a 6 1, we define the Lorentz-Zygmund space L p,q log" L(O) to 
be the collection of all measurable functions / defined on Q such that the quasi-norm 



LP<i log" L(H) 





sup tp log" I ( 

i>0 



tt]Df[e + ^r{t)) q j} forg<oo, 



(7.2) 



for q 



oo 



is finite. Here /* denotes the decreasing rearrangement of /; see the discussion of Lorentz 
spaces in Section 16.11 for the definition. 

We summarize the crucial properties of these spaces in the following Lemma. See pQ 
for a thorough treatment of the spaces and the proofs. Note that we use a slightly different 
logarithmic weight than is used in [1], but it makes no difference in the results. 

Lemma 7.1. The following hold. 

1. For 1 < p,q < oo, a G K, the space L p,q log" L(Q) is a quasi-Banach space, i.e. 
complete with respect to the quasi-norm (17. 2p . 

2. For 1 < p < oo, 1 < q < oo, a6l, the space L p,q log" L(Q) is normable, i.e. there 
is a norm equivalent to the quasi-norm (17.21) that generates the same topology. 

3. The space L p ' 9 log° LiVt) coincides with the Lorentz spaces L p ' q (Q), and the space 
L p,p log" L(Q) coincides with the Zygmund space L p log a L(Q). 

4- For 1 < p < oo, 1 < go; Qi < oo, a, (5 G R ; we have the embedding 

L p ' qi log" L(O) ^ L p ' qo log 13 L(O) 

when either qi < go and a > (3 or q\ > go and a + > /3 + ^ . 

5. For 1 < p < oo, 1 < g < oo, a G 1, we /ia^e that 

(L p ' q log" L(O))* = L p '' q> \og~ a L(Q), 

where p' and q' are the conjugate exponents of p and q respectively. The duality is 
achieved via integration: 



fg 



< 



LP>Q log" L(Q) \\9\\lp'><i' log"" L(U) 



Now we must determine which Lorentz-Zygmund spaces have the property that we 
sought at the end of the last section. The following lemma points the way. 
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Lemma 7.2. Suppose a sequence of functions f n :Q-^ M fc , k > 1 is uniformly bounded 
in L p,OQ (Q), i.e. sup ||/n|| iP ,oo(n) < C < oo. Let E n C Q be a sequence of subsets so that 

n 

\E n | — > 0. // 1 < q < oo and a < — 1 jq, we have that 

\\X-E n fn\\ LP , qloga L ( Q j — >■ 0. (7.3) 

Proof. The heart of the proof is the simple inequality 

(**,/»)*(*) < /:(*)X[o l|En ]](*)- (7-4) 

Then for q = oo we have 

fejn|L~i og «L ( n) = sup(X s Jn)*(t)t 1 / p log a (e+ 1/t) 

^sup^Wx^oW^log^e + l/t) 



i>0 

< supt 1 /^) supX [0 ,| £ ; n | ] Wlog Q (e+ l/t) 

i>0 t>0 

< log" + j^-A sup || /« 11^,00(0) 
<Clog a fe+ ' 



E n \ 



Since a < and — > 0, the conclusion follows. 

Suppose now that 1 < q < oo. Then, again using (17.41) . we have 

\\X E Jn\\ q LMlogaL(Q) = [ (t 1/P log° (e + ( Xs Jn)*(t)) 9 J 

/ \ 1 r\&n\ / 1 \ Af 

< su P t^/:(t) / io g *' / n " 

\t>o / Jo 

/■oo s 

< C 9 / s 9Q ds 



e + - — 
t / t 



< C q -^- I s qa ds. 



(7.5) 



(7.6) 



'io g (e+i/|s„|) e - e 
e 

e - 1 Jlog(e+l/|S„[) 

Here we have used the change of variables s = log(e + 1/t) for the second inequality. Then, 
since a < —1/q, we have that 

/ s qa ds = l -— log Q<?+1 ( e + yi-r ) -> 0, (7.7) 

^log(e+l/|S n |) -Qjg-1 V \bn\J 

from which the result follows. 

□ 
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We must have p = 2, so the above lemma tells us that our candidate spaces are 
L 2,q log" L(Q) with a < —1/q. We also see from this lemma that L 2, °° embeds into each 
of these spaces and that the function x \— > 1/ \x\ has finite norm in all of them. However, 
item 4 of Lemma ED guarantees that L 2 <°° log" L(Q) <—> L 2 ' q log^ L(Q) for (3+ 1/q < a < 0. 
So, if we can prove the convergence results in L 2,co log" L(Q) for all a < 0, then this proves 
convergence in every one of the possible candidates. In a sense, this says that the scale of 
spaces L 2 '°° log" L(Q), a < 0, is the smallest extension of L 2,oc (f2) in the Lorentz-Zygmund 
scale with the desired properties. 



7.3 Convergence results in Lorentz-Zygmund spaces 

With the motivation and definitions in place, we proceed to proving the convergence result. 
For a G R we define the space 

X a (Q) = {fe H^Q) | V/ G L 2,1 log" L(Q)}, (7.8) 

and endow it with the norm H/H^m) = II^/IIlv i og a L(n)j wm ch makes X a (Q) into a Banach 
space. For the purpose of calculations we will work with the quasi-norms that define the 
Lorentz-Zygmund spaces, but in defining the norm on X a (Q) we use the equivalent norm. 
Note that Xq(Q) = X(Q) as defined in Section T6.ll and that X a (Q) > Xp(Q) for a > (3. 
Write X*(Q) = (X^ a (Q))* for the dual; we use the notation with the negative sign so that 
the scales match in the natural embedding L 2 '°° log" L(Q) •—>■ Also define the space 

Kioc = KioM 2 ) = {/ i / e K(b(o,r)) vi? > o}. 

We now prove that for any a < 0, j'/n — > — V^Gp strongly in L 2, °° log" L(Q), and 
fi'/n — > 27r5 p strongly in Af*(0), as well as the corresponding results for the blown- up 
vorticity. Recall that we define the function f(x) = X\o,i]( x ) + x ^ 1 X[i,oo]( x )^ an d that we 
define the blow-up measures on R 2 at scale £ = \Jn/h ex by 

£0*0 = ^Xfi(^+p)M^+p). 

Proposition 7.3. Suppose configurations {(u e ,A e )} satisfy the same assumptions as in 
Proposition 1 6'. 61 Taen /or any 7 < ; 

^f(kiK - -V X G P (7.9) 
strongly in L 2 '°° log 7 L(fi). If we further assume that \\u £ \\ Lao ^ < 1, i/ien /or any 7 < 0, 

I^-V^G-, (7.10) 



n 



strongly in L >°° log 7 L(f2), and 



—fjf s — * 27t5 p and — /i e — > 27r5 p (7.11) 



n n 
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strongly in X*{VL), where \i e = curlj e + A £ . The blow-up measures also converge up to 



extraction: 



K A K 

/i* ana 



2im 



2im 



ft* 



(7.12) 



strongly in X* loc (M. 2 ), where //* is a probability measure. 



Proof. We suppress the subscript e. Define the sets Qi = fl\(B(p, Kt) U £>), Q2 
B(p, Ki) U B. We trivially bound 



f(\ u \y- + v ± G 1 

n 



< 



L 2 .°° log" 1, L(O) 



f(\u\) J - + V ± G p 



n 



L 2 .°°logTL(ni) 

f(\u\) J - + V X G, 
n 



(7.13) 



£2, 00 log 7 £ (Q 2 ) 



in order to treat each piece separately. We deal with Qi first. With the vector field X 
defined by (14.411) . we write 

f(\u\) J -+V L G p = f(\u\){iu, -V A/ u-iuX)+f(\u\) \u\ 2 (V ± G p +X)+\/ ± G p (l-\u\ 2 f(\u\)). 
n n 



Since xf(x) < 1 and 1 — e a ^ < \u\ < 1 + s a / A in we may estimate 



(7.14) 



f(\u\) J - + V ± G 1 



n 



< 



L 2 .°°logTL(ni) 



-V A'U — iuX 



n 



+ (l + o(l))||X + V ± GJ 



L2,ool og 7i(Q 1 ) 



L 2 >°°log^L(ni) 

+ o(l) ||V ± G P | 



£2,00 l og 7 L(ni) 



. (7.15) 



The first of these terms is o(l) + 0/^(1) by (I5.5P of Theorem [8], and the third is o(l) since 
V ± G P is in L 2,0 °. The second term is o(l) + 05(1); to see this we employ Lemmas 15.11 and 
17.21 and the fact that supp(X)| = o(l) to estimate 



\X + V ± G 



PlI^.^logT L(fii) 



< \\X + \7 ± G V 



+ 



P|lL 2 .°°(f2insupp(X)) 

o(l) + o 5 (l) + o(l) || VG p || i2l00(ni) = o(l) + o s (l). 



(7.16) 



Hence 



f(\u\) J - + V ± G % 
n 



= 0(1) + OK A 1 )- ( 7 - 17 ) 

L 2 .°°logTL(f7 1 ) 

We now turn to the Q2 term. Here we again utilize the crucial properties of the space 
L 2,0 ° log 7 L(Q) that we proved in Lemma 1772"! Indeed, (15. 6p of Theorem [H] and the fact that 
x f( x ) < 1 guarantee that 



f(\u\y- 



< 



-V A'U 



n 



L 2 .°°(a) 



n 



(7.18) 



L 2 .°°(f2) 
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where Cn is a constant that depends only on Q. Applying Lemma [7.21 then shows that 



f(\ u \y- + v x G % 

n 



< 



L 2,oo log 7 L(n 2 ) 



L 2,oo log 7 X,(f2) 



L 2 .°° log 7 L(f2) 



^ c " + " VG '"^(")) lo « 7 ( e+ | B ( P ,«)u B | ) 



Now, dZISD, flZHID , and (17191 show that 



f(\u\y-+v ± G p 

71/ 



L 2,oo log 7 



< o(l) + o K , s (l) + C\ogUe + 



\B(p, K£)UB\ 



(7.19) 



, (7.20) 



where C = Cq + HVGpH^wny Let e — >■ and then let K — > oo and 5 — > 0. Then, 
since 7 < 0, the right hand side of (I7.2(jp goes to zero, and the strong convergence (17.91) is 
proved. 

Suppose now that ||it|| ioo < 1. Then = 1 everywhere, and so ( 17.1 Oft follows 

directly from (17.91) . Let g G X_ 7 (f2). Then, since — AG P + G p = 2tt5 p , we have that 



u 

9 ^9{P) 

n n 



curl A' 



G r 



n 



^ 11^11^2,1 I og -7 L (fi) 

curl A' 



- + V L G r 



+ 9 



< 



L 2 (Q) 



lA , _ 7 (Q) 



11 



G r 



L 2,oo log 7 



7? 



L 2 (C) 



- + V ± G r 



n 



+ 



L 2,oo log 7 L (f2) 



curl A' 



n 



L 2 (n) 



Hence, by (I7.10p and (15.71) . we have that 



- 2tt5 t 



n 



0. 



An obvious modification of (I6.14p and (16.151) shows that 

-0, 





_ V 


n 


n 



(7.21) 



(7.22) 



(7.23) 



so we may conclude (17. lip . 

To prove (17.121) we must use the set B(p, K£)\B and blow up at scale I. Indeed, from 
(15.51) and the definition of the vector field X there, we have that 



-V A m - iuf(\u\) V^C/* 



n 



o(l)+o KiS (l), 



(7.24) 



L 2 (B(p,K£)\B) 

45 



where U* solves ACT* = //* in B(0,K) and vanishes on dB(0,K), and V is the blow- 
down at scale i of V -1 ?/*. Arguing as above and writing j' for the blow up of f , we find 
that 

<o(l) + o K , s (l), (7.25) 

£2,oo l og T I,(B(0,iC)) 

from which we deduce that /i'/n — > /i* in Af* Joc (R 2 ). □ 

8 Results for solutions with n bounded 

Recall that in most of the results in Sections H]- H we have assumed that the vorticity mass 
diverges, i.e. l<n. This condition was needed to show the existence of weak limits after 
blow-up in Lemma 14. 7\ and these limits and their properties were crucial in proving most 
of the results in these sections. Moreover, terms of the form C/n and (log n)/n were often 
written as o(l), which certainly required the condition 1 <C n to hold. 

In this section we examine the case of n bounded. The difficulties are two- fold. First, 
without knowing the weak-limits after blow-up, it is not entirely clear what the correct 
vector field is to complete the square with in the region near p. Second, to achieve lower 
bounds that match up to o(l) the upper bounds for locally minimizing solutions with n 
bounded, we need finer control on the lower bounds in the vortex balls. In particular, we 
would need something like F e (u, A' ,B) > 7rnlog(r/£:) + w-f + o(l), where 7 is a specific 
constant related to the energy of a radial, degree-one vortex profile (see ( 18.1 6ft below). 
While it is possible to find such lower bounds by comparing the energy of a configuration 
to that of a local minimizer, there appears to be some difficulty in adapting our completion 
of the square technique to this setting. 

We thus restrict our attention to the case of configurations (u £ , A £ ) that are solutions 
to the Ginzburg-Landau equations with n independent of e. In particular, we will assume 
the solutions are of the type that we will consider in Section [91 That is, {(u £ ,A £ )} satisfy 
the following assumptions. 

(Jl) {(u £ ,A £ )} are solutions satisfying F £ (u £ ,A' £ ) < C\og{l/e) and h ex < e" 13 for some 
< p < 1. 

(J2) There exists an i? > and points (ai(e), . . . , a n (e)) G Q n such that \a,i(e) — Oj(e)| 3> 
e for i j, d(aj(e),9fi) 3> e for each i, and {|w e | < 1/2} C UiB(ai(e), Rqe). 

(J3) deg(u £ , dB(a,i, Roe)) = 1, and u £ has exactly one zero in each B(a,i(e), Roe). 

(J4) We have fixed the Coulomb gauge so that div A £ = in Q and A £ ■ v = on dQ. 

(J5) The configurations satisfy the bounds 

G £ (u £ ,A £ ) <f £ (n) + B n 2 
\F £ (u £ ,A' £ )-f^n)\<B in 2 , 



- - V ± C/* 
n 
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where B and B x are fixed positive constants that depend on Q, and f® (n) = f e (n) — 
27mh ex £o - h 2 ex J . 

We define the function $ e to be the solution to 

- A$ £ + $ £ = 2vr E^ ai infi 
$ £ = onffl. 

We can write $ £ in a way similar to how we wrote G p : 

n 

$(a0 = log |s - o<| + Shfo Oi)), (8.2) 

i=l 

where Sq(-,-) G C 1 (r2 x fl). We now present a lemma that bounds the cross terms that 
appear when we complete the square with V -1 ^ outside of the balls UB{a i {e) 1 Re). This 
result is essentially proved, up to a sign error, in Proposition 10.2 of [Hj. For clarity we 
present the proof here. 

Lemma 8.1. Suppose {(u e , A £ )} satisfy (Jl) - (J5). Fix R > Rq, let $ e be the function 
defined above, and define the set Cl := D\(UiB(ai(e), Re)). Then 

1 2 



/^curl^-V^-J^ / |V$ £ | 2 + |$ £ | 
Jn Jn 

c ( ra- Ktf . f rn- \uf^ ' 2 



Proof. As usual, we suppress the subscript e. We begin by stating three bounds for the 
function $ and its derivatives. Using the expansion (18.21) . it can be shown that 

< C |log | a; — di\\ mB(a i: Re) 
IIV^H^ < C/(Re) (8.4) 
\\VnUn)<C/(R 2 e 2 ). 

See Section 10.1 of [H], for instance, for a proof of this fact. 
We rewrite 

/ $ curl A' - ■]' = I |V$| 2 + |$| 2 + / $(curl A' - $) - • (f + V 1 ®). (8.5) 

Jn Jn 

Writing u = pe %ip , we will show that we can essentially set p = 1 in f = p 2 (Vtp — A'). 
Indeed, 



/ $(curl A!-$)- ■ {] + V x $) =1 + 11, 
Jn 



(8.6) 



47 



where 



I := f $(curl A' - $) - V x $ • (V<p - A' + V x $) 
in 



5.7) 



and 



II := ( (1 - p 2 ) • (V<p - A' + V x $) + (p 2 - 1) | V$| S 
Jo, 

An application of Cauchy-Schwarz shows that 

(1 - p2)2 +/jv^-A' + v^f) 



|//|<e||V$|| 



+ ^l|V*ll^,(( ii 7 p 2V/2 



5.9) 



Since p > 1/2 on Q, we have that 

\Vcp - A' + V- 1 ^! 2 < 4 |Va'« + mV x $ 
This bound and the bounds (18. 4ft imply that 



„„ < g ( [ + 



Va'« + wV ± $ 



.10) 



-R \ .In ^ \Jn £ 

To handle I, we integrate by parts and use the fact that — A$ + $ = 2n <5 a . to get 

J = / $(curl A' - $ + curl(V<p - A') + A$) - / $(Vy? - A' + V x $) ■ r 
Jn Jan 

= - [ $(V^ - A' + V 1 ^) • r. (8.11) 

Since $ = on <9f2, only the boundaries of the balls are important in dQ. Then, writing 
$j for the average of $ on dB(cii, Re), we rewrite 

/ $(V<p - A' + V x $) • r = / ($-$ i )(Vp-A' + V- L $) -r 

JdB( ai ,Re) JdB( ai ,Re) 

(V(f — A' + V" 1 ^) ■ T. (8.12) 



dB(on,Re) 



We now argue as in (10.25) of [H] to bound |r ■ (V<p — A' + V"^)) < C/(Re), and hence 
that 



($-$ i )(V^-A / + V- L $)-r 



dB(ai,Re) 



< 



dB(ai,Re) 



o(D^ = o(l). 



(8.13) 
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Also, 



(Vy> - A' + V x $) ■ r 



dB( ai ,Re) 



2tt 



curl A' + 



B{a u Re) 



(a,i,Re) 

curl A' + $ 



9$ 



(8.14) 



27T-27T . 

'B(oi,ife) 

< CReF £ {u, A') 1 ' 2 + ORV |logite| , 

where the inequality follows from Cauchy-Schwarz for the curl A 1 term and (18.41) for the $ 
term. Since F e (u,A') < C|loge|, and (18.41) implies that l&A < C|logife|, we then have 



that 



(Vy> — A' + V x $) ■ r 



dB(ai,Re) 



< C |log Re\ (Re \hge\ 1/2 + R 2 e 2 \\ogRe\) = o(l) 



5.15) 

Then (18.111) - ( 18. 15ft show that / = o(l), which, along with (18.101) proves the result. □ 

Since we are dealing with solutions and each vortex ball has degree one, the natural 
candidate for the vector field to use in place of the weak limit of the blown-up currents is 
the perpendicular gradient of the unique radial, degree-one vortex solution in M. 2 . We thus 
define the function uq : M 2 — > C to be the (unique radial) solution of — Auo = Uo(l — l^o) 2 ) 
in M 2 . Existence and uniqueness of a solution of the form uq = f(r)e ld in polar coordinates 
are established in [6]. The fact that this Uq is the unique degree-one solution was established 
in [TU]. It is known (see [2] or Proposition 3.11 of [14]) that there exists a constant 7 > 
such that 

rrlog/-' • - • o R (l), (8.16) 



B(0,R) 



|Vu | 2 + l(l- |//„| 



We now present a result that provides a lower bound for the free energy of these 
solutions. It is essentially the analogue of the results in Sections 14.21 - 14. 5| which bounded 
the free energy in the case 1 <n. In this case, the analogue of the vector field X £ is the 
vector field Z £ r, which is defined as follows. For R > Rq, we define 



J s,R 



e^Vwo (^) in B(o< (e),ife),i= 1, 



n 



(8.17) 



in n\(UiB(ai(e),Re)), 
where uq is the radial one- vortex solution in IR 2 . 

Proposition 8.2. Assume configurations {(u £ ,A £ )} satisfy (Jl) - (J5). Let R > Rq, and 
let Z £t R be the vector field defined by (18. 17ft . Then for e sufficiently small and R sufficiently 
large, 



F £ (u £ ,A' £ )>- 



1 f ,2 1 f 2 1 

7 / \V A ' e Us- Ze,R\ +0 / |curlA £ -$ e | +vrnlog- + n7 
4 Jo, 1 Jn e 



71 



log\ai - a,j\ +7r) j Sn(a i ,a j ) + o(l) + o R (l), (8.18) 



where or(1) vanishes as R — > 00. 
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Proof. We split the energy into into two components: that on Q := fi\(UjS(aj, Rs)), and 
that in the balls U,-B(aj, Re). We begin with the balls. In the ball B(ai, Re) we complete 
the square with the blow-down of uq given by \7vi(x) := £ _1 Vuo((£ — a,i)/e): 

\V A 'u\ 2 = \V A 'U - Vvi\ 2 + 2^(V A >u ■ Vvi) - |V^| 2 . (8.19) 

Now, from Proposition 3.12 of [Hj, we know that, up to extraction, the blow-ups at scale 
e of (u, A') converge to (uq,0) in C/ oc (lR 2 ). We note that the vanishing limiting magnetic 
potential is a direct consequence of the Coulomb gauge condition (J4): the Coulomb gauge 
allows estimates of the H 2 norm of A, which in turn gives L°° estimates. So, making a 
blow-up change of variables, we have that 

/ 2$t{V A 'U- Vvi) - \Vvi\ 2 = I |Vw | 2 + o(l), (8.20) 

J B{ ai ,Re) J B(0,R) 

and 



L 



■■ 1 I 2n 2 / l/i I |2\2 



a (l-NT= / -(l-\u \r + o(l). (8.21) 

B(a,i,Re) Z£ J B(0,R) z 

Combining these and summing over the i, we get that 



\ [ \V A >u\ 2 + -^(1 - \u\ 2 ) 2 = YXI \ Va ' u - V ^! 2 

L iu,B(a„&) ^ i * JBiauRe) 

+ ^ f |V Mo | 2 + ^(l-K| 2 ) 2 + o(l). (8.22) 
Employing the property of uq given by ( 18. 16ft . we then have that 

F e (u,A',UiB(ai,Re)) = y^- ! \ V A >u - Vt>i| 2 + |curl A'\ 2 

+ 7inlogR + n^ + o{l) +o R {l). (8.23) 
Outside of the balls, in Q, we complete the square with iuV ± ^ as in Lemma \2. II to get 
\Va>u\ 2 = \V A >u + iuV ± $\ 2 - 2V ± $ • / - | V^j 2 \u\ 2 . (8.24) 
We also complete the square with the curl A' term to get 

|curM'| 2 = |curM' - $| 2 - |$| 2 + 2$ curl A'. (8.25) 

From this we see that 



- / |Va'm| 2 + |curlA'| 2 = - / \V A >u + iuV ± $\ 2 + \cm\A' - $| 
2 in 2 Jq 



I $ curl A'- V^-Z-i 



fm 2 -^ 


- |V$| 2 \u\ 


In 
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Combining (I8.26P with Lemma [8.11 and using that \u\ < 1, we find that 
F e (u, A', fj) > Q - ^ J I V A ,u + mV^f + i jf |curl A' - $| 2 + jf i(l - |u| 2 ) 2 



C / /• fl-|n| 2 ) 2 / /• (1- W 2 '^ " 



+ - / |V$| 2 + |$| 2 + o(l). (8.27) 



R \ Jn 4e 2 \ Jo 4e 2 12 

Now, for x > 0, we have that the minimum of x — ^iiE±vE) [ s —C 2 /(AR(R — C)) = or(1) 
as R —>■ oo. We use this with x = ^(l — \u\ 2 ) 2 to replace the (1 — |«| 2 ) 2 integrals in 
( I8.27P by o R (l). For R large enough we can also bound 1/2 — C/R> 1/4. To deal with 
the |V$| 2 + |$| 2 term, we use an argument from Proposition 10.2 of [H] that uses the 
expansion (18.21) to show that 

If 1 

-/ |V$| 2 + |$| 2 = 7mlog— -vr^ log \ ai - aj \+ n^Snidi, aA+o(l). (8.28) 
Thus, for _R sufficiently large, 



F 6 (u,A',f2) > - / |V A 'W + iwV ± $| 2 + - / |curlA' - $| 2 + vmlog 



Re 



^^(a J ,a,) + o(l) + o i? (l). (8.29) 
Adding (EZg]) to (T8723T) and using the fact that J u B{a . Re) |$| = o(l) then proves (jOSjl . 

□ 

Remark 8.1. T7ie condition (J2) guarantees that making R large does not lead to the 
possibility of B(ai(e), Re) fl B(aj(e), Re) ^ for i ^ j. Thus we are free to eventually let 
R — > oo. 

Eventually we will need an estimate of ||^ £i r|| L 2,oo- We prove this now in the analogue 
of Lemma 15. 2[ 

Lemma 8.3. Assume configurations {(u e ,A £ )} satisfy (Jl) - (J5). There is a constant 
Cq > 0, depending only on Q, such that if h ex > C^n 2 , then for e sufficiently small, 

C n - o(l) - Ofl(l) < WZ^rW^^ < Cm + o(l) + 0^(1), (8.30) 

where C is a positive universal constant and C\ is a positive constant that depends only 
on fl. 

Proof. Arguing as in Lemma [5.21 and employing the bounds 1 > \u\ > 1/2 in UiB(ai, Re), 
we see that 

\ ||W £ || i2l0o(n) - O(l) - Ofl(l) < 11^11^2,00(0) 



< 



|V$ £ || i2i00(c) + n HVnoll^^) + o(l) + o R (l). (8.31) 
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We claim that if h ex > Cnn 2 , then C n < ||V<& e || L 2 )0 o(™ — Cin, where C is a positive 
universal constant and C\ depends only on Q. Once the claim is established, (I8.30p follows 
immediately from (18.31j) . 

We begin the proof of the claim by showing that the energy bounds ( J5) imply that the 
points cii are a distance from p controlled by 1/ \Jh ex . Using a modification of the energy 
splitting result, Proposition 14. 2\ found in (11.32) - (11.33) of [H], we have that 

G E (u, A) = h 2 ex J + F e (u, A') + 2nh ex ^ £ (a 4 ) + o(l). (8.32) 

i 

Plugging in the upper bound of G £ and the lower bound of F s given by (J5) and recalling 
that £ — £o(p), we find 

B n 2 > 2nh ex £(£ o (a0 - £„(p)) ~ Bm 2 + o(l). (8.33) 

i 

From this we conclude that for e sufficiently small, 

su P (£oK) - UP)) < {Bo + ^ l)n2 . (8.34) 



'ex 



Now an analysis of the function £o will allow us to pass from the bound of (18.341) to a 
bound on sup^ |aj — p\. Recall that we have assumed that £o achieves its unique minimum 
at p and that D 2 Up) is positive definite. It can be shown (see [13]) that the set of critical 
points of £o is finite. Using these facts with Taylor's theorem, we may conclude that if 
hex > C n n 2 , then 

Tl 

sup \cii -p\< Cn—7= =: Rh ex , (8.35) 

i V hex 

where Cq is a constant that depends on Q (via dependence on the smaller eigenvalue of 
D 2 Up), \\D 3 U\ Laa , etc). 

This concentration of vortices inside B(p,Rh ex ) allows us to obtain a lower bound on 
|| V$ £ || L 2,oo of order n. To see this, assume that h ex is sufficiently large so that Rh ex < 
dist(p, dfl)/2, and fix any r G (Rh,, x ,2Rh ex ). Note that the bounds on Rh ex imply that 
B(p, 2Rh ex ) C Q. Then, since each G B(p, Rh ex ), we have that 



2vm= / -A$ e + $ £ = / -A$ £ + $ e < / |$ e |+ / |V$ e |. (8.36) 

JB(p,R hex ) Jb( p ,t) JB(p,r) J dB(p,r) 

Recalling the definition of the L 2,oa norm defined in (11.31) . we may bound 

|$ e | < y/mr\\$ e \y iao . (8.37) 



lB(p,r) 

Plugging this into (18.36)) and integrating over (Rh ex , 2Rh ex ) we see that 



^nR hex < ^3Rl x ||$ £ || i2j00 + / |V$ £ | (8.38) 

1 J B{p,2R hex )\B(p,R hex ) 
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Dividing by the square roof of the area of the annulus B(p, 2R hex )\B(p, R hex ) and again 
using (II. 3p . we get 

V < ^_h^_ ]mL2x + || V$£ || l2 ^ . (8 .3 9) 

To estimate ||$ £ || L 2, 00 , we use the expansion (I8.2p and the constant Bq defined by 

B n : = sup ||- log | - -y\ + SQ(-,y)\\ L 2, x(n) < 00. (8.40) 
yen 

We find that 

n 

||$ e || L 2,oo < II — log I — «i I + Sai-tO^Wip.oo < nB n . (8.41) 
i=i 

Note that if h ex > C^n 2 , for some constant depending only on Q, then 

\/3B n R hex < ft 



2 ~ V 3' 
and we conclude the lower bound 

^ < HV<y x2 ,. . (8.42) 
The upper bound is far easier to prove. Indeed, we use the expansion (18.21) to calculate 

n 

||V$ e || L2l00 <^||-(--a i )/|--a J | 2 + V^(-,a i )|| L2 , 00 < Cm, (8.43) 
i=i 

for some positive C\ that depends on fl 

□ 

With these results in hand, we can prove the analogue of Theorems [7] and [H] for the 
case of n independent of e and h ex either bounded or divergent. First we introduce a bit 
of notation. In the case h ex = 0(1) we define the renormalized energy R n ,h ex : fi n — > R by 

R n ,h ex (xi, . . . , x n ) = -7r^log|xj -Xj\ + 7r > ^ Sn(xj, Xj) + 2irh ex }^ £o{xj) . (8.44) 

In the case 1 <C h ex we define the renormalized energy w n : (R 2 )™ — > R by 

w n (x 1 ,...,x n ) = -7r^log|a;i -Xj \ +7m^Q(xj), (8.45) 

where Q is the quadratic form of D 2 ^o{p)- Notice that w n is defined on (R 2 ) n and not on 
fi n ; this is because w n is applied after blowing up at scale I = \/n/h ex , which is o(l) when 
1 <C h ex . In particular it is applied to the points cij = (a, — p)/i. 
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Proposition 8.4. Assume configurations {(u e ,A e )} satisfy (Jl) - (J5). 

1. Suppose h ex = 0(1). Then for e sufficiently small and R sufficiently large, 



G e (u £ ,A £ ) > \ I \V A ,u £ - Z £ , R \ 2 + \ f | curl ^ - $ e 
4 Jn 1 Jn 



+ h 2 ex J + nn log - + min R n . hex + n 7 + o(l) + 0fl (l). (8.46) 

s n n 

We always have that the bounds 

C V^ < \\V A >u £ \\ L2!00{n) < Cm (8.47) 

hold, where C and C\ are positive constants. Moreover, if the solutions satisfy the upper 
bound 

G £ (u £ ,A £ ) < h 2 ex J + Trnlog- + min + n 7 + o(l), (8.48) 

s n n 

and h ex > Can 2 (the constant from Lemma l8~^) . then 

C n< HV^H^nj < Can, (8.49) 

where Co is a universal positive constant and C\ depends only on Q. 

2. Suppose 1 hex- Then for e sufficiently small and R sufficiently large, 

G £ (u £ ,A £ )>- [ \V A , Ue -Z EjR \ 2 + l [ |curl4-$ £ | 2 
4 Jn 1 Jn 

+ f £ (n) + min w n + nry + o{\) + o R (l). (8.50) 



Moreover, if the solutions satisfy the upper bound 

G £ (u £ , A £ ) < f £ (n) + min w n + n 7 + o(l), (8.51) 



then 

C n < IIV^^H^^ < dn, (8.52) 
where Cq is a universal positive constant and C\ depends only on Q. 

Proof. The inequalities (18.471) follow from (Jl) - (J5) and Proposition 13.11 The proof of 
the rest is very similar to the proofs of Theorems [7] and [HJ here we use a slightly different 
form of the energy splitting lemma and we use the free energy bounds of Proposition 18.21 
Indeed, Lemma 7.3 and bounds (11.32) - (11.33) of [H] show that 

G £ (u, A) = h 2 ex J + F £ (u, A', G) + 2rrh ex £ £ ( ai ) + o(l). (8.53) 

i 

In the case h ex = 0(1) we then insert Proposition 18.21 into this to get (18.46p . In the case 
1 "C hex, the above and a blow-up at scale £ (see the arguments following (11.33) in 
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show (I8.50p . In either case, we may compare the matching upper and lower bounds to 
show that 



9 Stable solutions 

In this section we apply Theorem [H] and Proposition 18.41 to the branches of stable solutions 
constructed in Chapter 11 of [H] and to energy minimizers in the regime 1 C n(e) <C 
hexi^) — C|l°g e\ constructed there in Chapter 9. 

The stable solutions are constructed to have a prescribed number of vortices n. As 
before, the typical inter- vortex distance scale is given by £ = \/n/h ex . We say that h ex (e) 
and n(e) are admissible if they satisfy the following two conditions. 

1. There exists /3o < 1/2 such that h ex < 

2. If n 7^ 0, then n 2 < r]h ex , and n 2 log | < r\ log |. Here r/ is a small parameter depending 
on Q and (3$. 

The behavior of the quantity £ is separated into three distinct cases, and each case 
produces solutions with different asymptotics. The first case assumes £ does not tend to 
zero, and the admissibility conditions then ensure that n and h ex are both bounded. Up to 
extraction we then assume that n is independent of e. The second case lets £ go to zero but 
assumes that n stays bounded. In the third case £ goes to zero and n diverges to infinity. 

The following theorem includes the new L 2,0 ° bounds in the results of [T4"] . 

Theorem 9. (fT$ Theorem 11.1 Redux) 

Given (3q G (0,1/2), taking r\ = r)(Q,f3o) sufficiently small, and given n(e) and h ex (e) 
admissible, there exists Eo > such that for < e < Eq there exists a configuration (u £ ,A £ ) 
with the following properties. 

The configuration (u £ ,A e ) is a locally minimizing critical point ofG £ and hence a stable 
solution of the Ginzburg-Landau equations. The function u e has exactly n zeroes, located 
at points ai(e), . . . , a n (e) G £1, and there exists R > such that \u e \ > 1/2 on the set 
Q\ Uj B(ai(e), Re) and deg (u e , dB(ai(e), Re)) = 1. Finally, depending on which of the 
three cases described above holds, we have one of the following. 

1. (Case 1) If £ does not tend to zero so that n is independent of e and h ex is bounded 
independently of e, then up to extraction the n-tuple (ai(e), . . . , a n (e)) converges as e — » 
to a minimizer of Rn,h ex > which was defined in ( 18.441) . The energy of these solutions as 
e — ► is given asymptotically by 



V A 'U - Z £jR \\ L2{n) = o(l) + Ofl(l). 



(8.54) 



Then (IP9l) and (18321 follow from this and Lemma El 



□ 



G £ (u £ ,A £ ) = h 2 ex J + 7m \\oge\ +mmR nAex +717 + 0(1), 



where 7 > is the constant from ( 18.161) . We always have that the bounds 




(9.1) 
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hold, where C and C\ are positive constants. Moreover, if h ex > C^n 2 (the constant from 
Lemma \8. 3\) . then 

C n < ||V^« e || i2)OC(n) < Cin, (9.2) 

where Cq is a positive universal constant and C\ depends only on Q. 

2. (Case 2) If n is independent of e and h ex — > oo then, up to extraction the rescaled 
n-tuple (5>i(e), . . . ,a n (e)), where aj(e) = (a^e) —p)/£, converges as e — > to a minimizer 
of w n , which was defined in (18.45 j) . The energy of these solutions as e — > is given 
asymptotically by 

G £ (u £ , A £ ) = f £ (n) + min w n + nj + o(l). 



Finally, we have 

Co < ^ ||V^ e || i2i00(n) < (9.3) 

where Cq is a positive universal constant and C\ depends only on Q. 
3. (Case 3) Ifn,h ex — > oo, then up to extraction 



1 n 



n ' — ' 

i=i 

in the narrow sense of measures, and fiQ is the unique probability measure minimizing I, 
as defined by (11.101) . The energy of these solutions as e — > is given asymptotically by 

G £ {u E , A £ ) = f £ {n) + n 2 I{fi ) + o{n 2 ). 

We have 

||VG p || i2i00(n) - o(l) < - || V^ £ || i2j00(n) < ||VG p || x2jOC(n) + C + o(l), (9.4) 

where C is a universal constant. Finally, the convergence results of Corollary ~U7) and 
Proposition 7J3 hold. 

Proof. The construction of the solutions and the proof of the energy asymptotics are done 
in Theorem 11.1 of [H]. It remains to prove that in each case the result comparing 
|| V J 4^M £ || L 2,oo( n ) to n holds. In the first and second case, the construction of the solutions is 
such that assumptions (Jl) - (J5) hold, and so we may apply Proposition 18.41 In the third 
case, (HI) - (H4) are satisfied, and the asymptotics of G £ allow us to apply the second 
part of Theorem [H] directly to conclude (19 .4p . The convergence results follow directly from 
Corollary 16.71 and Proposition 17.31 

□ 

Proof of Theorem The result for branches of solutions follows immediately from the 
above. 
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We now discuss the case of energy-minimizers. In the regime log |log e\ -C h ex — 
H C1 <C |log e\, Proposition 9.1 of [H] establishes that minimizers (u £ ,A £ ) of G £ satisfy 
K n < h 

G £ {u £ , A £ ) = f £ {n) + n 2 I{fi ) + o{n 2 ), 

and 

£ 1 
F £ (u £ ,A' £ ) = Tin log - + nS n (p,p)n 2 + 7m 2 log - 

- Tin 2 J J log \x - y\dfj l0 (x)dfj lQ (y) + o(n 2 ), 

where hq is the minimizer of / defined in f ll.lOp . The assumptions on a then guarantee 
that F £ (u £ ,A' £ ) < and so Theorem [8] is applicable. The result follows. 

For the case h ex — H Cl < 0(log |log e\), it is proved in Theorem 12.1 of [Hj that 
minimizers have n vortices with n = 0(1) and that they are among the solutions found in 
case 2 of Theorem [HI Thus from that theorem, the result holds in this case as well. 

For higher h ex , in regime 4 when h ex < |log e\, there is nothing new to prove: the 
upper bound follows from bounds on || Vam||l 2 an d the fact that n and h ex are of the same 
order. The lower bound follows from the weak convergence of j/h ex to — V -1 /?.* with h* 
nonconstant. 

□ 
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